Chapter 8

Solutions to chapter 3 problems

Solution to Exercise 3.1.

a) We calculate the right-hand side of Eq. (3.5) using the decomposition (3.3) (we call the inte-
gration variable z’):

+oo

oy = [ o) (@] 2)d T g 8(x — a')de’ = (). (8.1)
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€T =
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The last equality follows from the definition of the delta function [see Eq. (C.3)].

b) Let us act with the operator ¥ = fj—;o |z)(z|dx upon an arbitrary state |¢)). We have,
according to the properties of the outer product,

—+oo +o0
. (3.5) (3.3)
Ho)= [ walva™ [ e ).
The operator I acting on any state returns the same state, i.e. it is the identity operator.

c) We insert the identity operator (3.6) into (11| ¥2):

()] o)
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/ (1] ) (x| ) da

—0o0
“+oo

= U1 (2) e (x)dx
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/ :O () Pd.
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Solution to Exercise 3.2. All the relations from Ex. 3.1 rely upon Eq. (3.5), which, in turn, is
1 if z=x'

a consequence of Eq. (3.1). If the latter relation were replaced by (x| 2') = e(z — 2’) = {0 if et

Eq. (8.1) would take the form

+oo +o0
(z] ¢) = P(a') (x| ) da’ = P(a’) e(x — 2)da’ = 0.

The last equality is valid because the function ¥ (z’)e(z — 2’) takes a nonzero value at only one point
in R and its value its finite. The integral of such a function is zero.
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Solution to Exercise 3.3. Applying Eq. (3.7), we find that

+oo
W)= [ WP
The left-hand side of this equation is 1 because |¢)) is a physical state.
Solution to Exercise 3.4.

a) Integrating the squared absolute value of the wavefunction over the real axis we have

b
+oo
/ Wrop—hat () Pz = A2 / dz = A%(b— a),

and thus

b) using Eq. (C.9) we find

o0 +oo 22 +o0 22
/ [YGauss () [2dr = A2/ e~ Zdx = A2/ e~ dx = +/7d,
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Solution to Exercise 3.5. According to Eq. (3.5), the wavefunction of the state |xq) is

(x| zo) = 6(x — x0).

Solution to Exercise 3.6. In accordance with the definition of the continuous-variable observable,

i |z) = (/:O 2 |2') (w’|dx’> ) = /:O 7 ) (@] 2) da’ = /m 7)o — 2)da’ =z |x)

Solution to Exercise 3.7.
a) We insert the identity operator (3.6) at both sides of A:

A = 1A1

([ wet)ana ([ ) a
= [T (o] A ) o

= / Az, ') |z) (2| dzda’.

b) Using the same approach,

wiaw = ([ o) 4 (/j: )
/_:O /_:o Wl <x‘ A‘ fﬂ> (| ) dzda’

+oo +oo
= / v (2) Az, ") (2") do da’.
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c) Here we insert the identity operator only at the right-hand side of A:

el = e[ )

/_;OO <x‘ /1‘ x’> (2’| ) da’

+oo
Az, 2" (2") da’.

— 00

d) Similarly,

wile) = wl([ :O )] do') Ao

—+oo
= / (] 2 <x’ A‘ x> da’
—+o0
= w*(m’)/ Az, ") dz’
e) According to the properties of adjoint operators (see Ex. 1.74),
(AN (z,2') = <a?‘ AT‘ x’> = <x’ A x> = A*(2', z).

f) Inserting the identity operator between A and B, we find

(x| AB|2') = (z|A </+0<> |z") (z"| dm”) Bz’

— 00

/_+OO <x A :r”> <x” B’ x’> dz”

+oo
/ Az, 2" )B(x",2")dx".

— 00

Solution to Exercise 3.8. Using the definition (3.11) of the continuous-variable observable,

wiat = wi( [ :om><:c|dx) %)

“+oo
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/ () de
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— 00

Solution to Exercise 3.10.

a) If a 1000-kg car is moving at a velocity 20 m/s (72 km/h), its momentum is p = 2 x 10* kg-m/s.
Using the tabulated value of 27h = 6.6 x 1073* m?. kg / s, we find the de Broglie wavelength
equal to A = 27A/p = 3.3 x 10738 m.

b) The average translational velocity of molecules of a gas is v = 1/3kpT/m, and the momentum
is p = v/3kgTm, where kg is the Boltzmann constant (k = 1.38 x 10723 J/K, T = 300 K is the
room temperature and m = My, /Na = 4.7 x 10726 kg is the average molecular mass (where
M,; = 0.028 kg/mol is the molar mass of air and N4 = 6 x 10?3 is the Avogadro number).
We find p = 2.4 x 10723 kg-m/s and hence A = 2.7 x 107! m.
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c¢) The kinetic energy of the electron is p?/2m = eU, where m = 9.1 x 10731 kg is the electron
mass, e = 1.6 x 1071 Col is the electron charge and U = 10° V is the voltage. We find
p=19x 10722 kg'm/s and A = 3.5 x 10712 m. Because the de Broglie wavelength of the
electron is much smaller than the wavelength of light, the electron microscope achieves much
higher resolution than optical.

d) By analogy with part (b), we find the mass of rubidium atoms as m = 0.087/(6 x 1023)
kg=1.5x10725 kg and their momentum p = /3kgTm = 7.9 x 1072® kg-m/s. The de Broglie
wavelength is 8.3x1077 m=0.78 um. This wavelength is comparable to the distance between
atoms in the condensate, which leads to quantum effects in interaction between atoms.

Solution to Exercise 3.11. Using the method of “inserting identity”, we write

+o0 +oo
(3.24) 1 /
n=[ el =/
Equation (3.28) is proven similarly.

Solution to Exercise 3.12. According to Eq. (3.7),

j PT
e'r

x) dz.

oo 1 Foo 2 =p (C.19) 1

(plp') = . Uiy (@) )y (@) da = oh ) e Tdy %QWHCS(])/ —p)=06(p' —p)

Solution to Exercise 3.13. To convert between the position and momentum bases, we apply our
usual trick of inserting the identity operator:

o@ = =6l ([ o)

— 00

+oo
= [ el

— 00

(3.24) 1 /+°° b

= e'r dp;
5 ) ¥(p)dp

o) = 6l=0l ([ ela)w

— 0o

+oo
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Solution to Exercise 3.16.

a) Again, we use the wavevector basis rather than the momentum basis:

~ 1 R0z (z—a)?
ok) = W}'[e heT J(k)
C.25 1 _(=a)?
( 2 ) W‘F[e 522 ](k _ k;o) (Where ko = ]%O)
(C.24) 1 —i(k—ko)a L[, — L
L T (S
(C.15) 1 —i(k—ko)a j,—(k—ko)?d? /2
= — ¢ de ’
(7Td2)1/4

\{ie—i(k—ko)ae—(k—ko)2d2/2.
™
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Now we can rewrite this result in the momentum basis using Eq. (3.36):

y d ,

U(p) = 7Tl)f\/ﬁe—z(p—po)a/fie—(13—100)2dz/27i2_ (8.2)
b) The probability density
1 _@-a?

pr(@) = (@)l = e 7

is a Gaussian curve centered around z = a. The expectation of the position (i.e. the average
value of the position observed) must be at (z) = a. Similarly, (k) = ko and thus (p) = po.

Solution to Exercise 3.17. Writing the momentum observable as p = fj;;p |p){p| dp, we find

. +o00 1 +oo o
@lila)= [ plalpole) do= o [ peke,

— 00
We now notice that the integrand can be expressed as pe*i%(mf‘”/) = fz'h;—mei%(‘”’w/). The order of
differentiation and integration can be inverted:
1 d [T ip—w
Al _ (=) h— Zﬁ(LE—I )d
(a] 9l ') sy [ et
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d
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Solution to Exercise 3.18. Using the result of the Ex. 3.17,

@i = o[ e ') )

= [Tl @

— i /_ j foa(x - x’)} o(a') da’
- —md% { /_ +: 5z — 2 )() dx’]
= b ()

Solution to Exercise 3.19. Using the result of Ex. 3.17 and 3.18,

Gl #v) = Gl ([ e ') ol

— 00

+oo
- / (2l ] ') (| Bl ) da’

_ —i: [ +: [(EU(S(a:—x')} {—mfww(y)} dz’
d

= (inpd UM 5z — )L () dx’}

dz | /_ da’

= _52% {iﬂw(x)}

= —hzd—Q (x)

dz?
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Solution to Exercise 3.20. Left for the reader as an independent exercise.

Solution to Exercise 3.21.
a)
“+o0
(3:27) %e—iﬁxo/h/ =P/ 1) dp
U —00
1 “+o0 N
— - e~ P(z+x0)/h
2rh J_ o
= |z+uzo).

e—iﬁxo/h |l‘>

Ip) dp

b) since the operator displaces each position eigenstate by xg, it displaces the whole wavefunction
¥(x) as shown in Fig. 3.2. The new wavefunction is then given by

W) = (o]e My
+oo
- / (] =90/ |2y (2| ) !
+oo
= / (2] &' + o) (] )
= / T S + 20 — ()
= 1/)(1”*%)

c¢) Since the operator displaces the whole wavefunction by zg, it must also adds zg to the mean
position value. Formally this can be expressed as follows. For the mean position value in the
state |¢) = e~ P%0/" |4}, we have

“+o0
@y = [ alile a0l
:L’/*zfx +Oo +OO
=20 / 2/’ Pdz + 20 / () P’
= (@))y + To, (8:3)

where (z), is the mean position value in state [¢)).

To find the transformation of the mean momentum value under the displacement operator, we
notice that the action of this operator in the momentum basis is simply a multiplication

~ e—ibT0o/h ~

D(p) > P (p) = e P/ Mp(p). (8.4)

Hence [¢/ (p)|* = |

<
=
S~—
)
o
]
o,

= <P>W;> : (8.5)

d) The fact that the uncertainties of the position and momentum of the displaced state are the
same as those in the original state is, again, intuitive (Fig. 3.2). A rigorous proof can be dome
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as follows. For the position:

(Az?y = <(m - <g;>|w/>)2>w/>

[)
= (A%, (8.6)
For the momentum:
<Ap2>|¢/> = <(p_<p>w/>>2>wl>
oo 2
N / (p_<P>\w>) |4’ (p)[?dp
e
= [T - 00) o
= <Ap2>|1/1) .

Solution to Exercise 3.22.

” 1 .. too

i) = et [ )
1 too

= o e”(pﬂ’o)/h|x>dx

Tr — 00

= |p+po).

Other properties are proven similarly to Ex. 3.21.

Solution to Exercise 3.24. We recall that the probability to detect a certain value of momentum
is
pr(p) = (p| ¥) = [$(»)I,

where the wavefunction (p) in the momentum basis is ‘the Fourier transform of the wavefunction
¥ (z) in the position basis. Because the latter is real, ¥ (p) = ¥(—p) (Ex. C.6) and thus pr(p) =

pr(—p).
The expectation value of the momentum observable is given by

—+o0
(p) =/ ppr(p)dp =0
because ppr(p) is an odd function.

Solution to Exercise 3.25.

a) Because the position operator is Hermitian, (x| Z = « (2| and thus

(ol 4] ) = & (a] 5| ) 2 —iho Sz,
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b) Let us denote Z [1)) = |¢); then ¢(z) = (x| &| ¢) = x¢p(z). Therefore

d

o lep(@)] = —ifi(z) — ik (o).

d
(x| pa| ¥) = (al | 6) = —ih—o(x) = —ih -

Note that the above relation can also be found using the technique of “inserting identity”. The
reader can try this independently.

¢) Using the two results above, we find
(@] [,p]] ¥) = (x| @p| ) — (x| p] ¥) = ihap(x).

Therefore, applying the operator [, p] to any |¢) is equivalent to multiplying this state by ih.
We conclude that [Z,p] = ihl.

According to the uncertainty principle, a nonzero commutator between the position and mo-
mentum means that these two quantities can never be determined precisely simultaneously:

2 A2 Lo
(AZ?) (Ap*) > ih . (8.8)

Solution to Exercise 3.26. Substituting the uncertainty principle (1.61), we find:

. . 1, ~2 1
<Am2><Ap2>>Z|<lh1>| :ZhQ. (8.9)

Solution to Exercise 3.27. To find Az? we use the definition (1.53) of the mean square uncertainty,
as well as the fact that (z) = 0 in accordance with Ex. 3.16:

(Az?) = /+00 z?pr(z)ds

— 00

1 oo 2
= — xe” a2 dx
vd /_oo
1 Foo a?
= — e a@dx replace variable: t =z
T 2emazd 1 iabl d
™ — 00

R
= — t2e tde
\/Trd/m
350) d*
g x

Similarly, Eq. (3.39), (Ak?) = 1/2d? and thus (Ap?) = h?/2d?. The product of the uncertainties is

h2
(Aa?)(Ap?) =

which is the minimum allowed by the uncertainty principle.

Solution to Exercise 3.28.

a) The wavefucntion in the momentum representation (for convenience, we use the physically
identical wavevector representation) can be found using the standard conversion formula (3.35).
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The Fourier transformation has to be applied to both x4 and zg.

- 1 [toe ptoo . )
\I/(kA,kb) = % / \I/(:EA,IB)eizkAIAeiszzdeAdCCB
— 00 — 00
1 +oo +oo ) )
= = §(za —xp)e” Fara=ikoTsqy  dap
27T — 00 — 00
I
_ - e—ikArA—ikBrAdmA
2 J_ o
1 [t
— . e—i(kA-‘rkB)xAdxA
2 J_

i27‘(’5(1@’,4 +kg)
2m
= O(ka+Ep).

b) The wavefunction ¥(x4,z5) = §(xa — xp) of the system in the position basis implies that
the positions of Alice’s and Bob’s particles must be identical. If Alice detects her particle at
a position xg, Bob’s particle will project onto a state with the same position, i.e. |zg).

¢) Similarly, because W(ka, ky) = 6(ka + k), Alice’s detection of wavevector ko (or momentum
po = hko) will project Bob’s state onto |—ko) (or |—po)).
Solution to Exercise 3.29. We rewrite the Schrédinger equation
. . A2
: i i . p
= —7H = —— _—
B =3 H 0 = V@ + 2] 10

in the position basis using the result of Ex. 3.19:

blat) = (af 4)

I . i/ | P

= —Lev@in-L( Zv)
i i —h2 d%y

= —ﬁV(l’)w(x,t) - ﬁ%@ﬂ)(’l},ﬂ

Solution to Exercise 3.30. In the absence of potential, the Hamiltonian is a function of the
momentum: H = p? /2m. An eigenstate |p) of the momentum is therefore automatically an en-
ergy eigenstate with the eigenvalue E = p?/2m. According to the general solution (1.77) of the
Schrédinger equation, this state evolves as follows:

) 2
p) — e” 7 E p) = ezt |p) .

Assuming that the wavefunction of the momentum eigenstate at the moment ¢ = 0 is given by the
de Broglie wave (3.24), its evolution can be written in the position basis as
1 iEE 2

e’ h _lzfnih
V2rh

To find the phase velocity, we rewrite the above as
tkx—iwt __ 1 ik(z—%t)

1
e = e ,

vV2rh vV 2rh

where k = p/h is the wavevector and w = p?/2mh is the oscillation frequency. Over the time ¢, the
wave translates by a distance z = (w/k)t = (p/2m)t, so the phase velocity is v,y = w/k = p/2m.

Yy (1) =

Yy (2, 1) =

Solution to Exercise 3.31.
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a) We found the wavefunction in the wavevector representation in Ex. 3.16:

~ \/E (. )2 g2
J(k) = ek,

Since |¢)) = fj;o (k) |k) dk and each wavevector eigenstate |k) is also an eigenstate of the
Hamiltonian with eigenvalue Ej, = h%k?/2m, we have for the evolution of state |¢)

Gk, t) = li/aie—(k—k0)2d2/2€—mk2t/2m_ (8.10)
o

b) Defining k = ko + dk, we rewrite Eq. (8.10) as

~ d  hk2t ChkoSkt _ su2(d2_; ht
Dk, t) = 1i/46_’ 70t omithatht ok (414 ). (8.11)
Vs

Let us now inverse Fourier transform this result back into the position basis. The first ex-
ponential in the equation above is a k-independent phase factor, which is not affected by the
Fourier transform. The last exponential is a Gaussian function, whose (inverse) Fourier trans-
form is also a Gaussian. The second exponential is a linear phase factor, whose effect on the
Fourier transform translates, according to Eq. (C.25), into the shift of the position by fikgt/m.
Finally, since the whole expression Eq. (8.11) is given in terms of §k = k — kg, we must apply
(C.24), obtaining the factor e**®. The resulting wavefunction is as follows:

d ht —1/2 CRk2t . _(p— Tkodkt)?2 _iht
Y(x,t) = % <d2 - z) i me gikory = ( w) /2(d2 ") (8.12)
™

’
m

c) Expression (8.12) represents a Gaussian wavepacket centered at (xz) = (po/m)t according to
Ex. 3.16. The finding of the position uncertainty proceeds similarly to Ex. 3.27, but we have
to take into account the complexity of the Gaussian exponent in Eq. (8.12). We find

d h2t2 -1/2 _ m—hk Skt\2 12,2
prw—w*(m)w(m,t)—ﬁ(dum) s WL Cas ) (8.13)

Using the integral (3.50) we find

(Ax?) = /;Oo(x —(z))pryde = d; <1 + :;i;) . (8.14)

Solution to Exercise 3.32.

a) According to Eq. (8.14), the width of the Gaussian wavepacket behaves for large ¢ according

to

(Ax2) ~ %t. (8.15)

The condition that py greatly exceeds the momentum uncertainty of the initial wavepacket
means, in accordance with Ex. 3.27, that po > h/d. This means that the traveled distance,
pot/m, is much greater than ht/md, i.e. it is much greater than /(Axz?) in accordance with
Eq. (8.15).

b) We rewrite Eq. (8.15) as t ~ \/{Ax2)md/h. Substituting \/(Az2) = 1072 m, d = 1071 m
and m ~ 1073% kg we find t ~ 1 ns.
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Solution to Exercise 3.33. In accordance with Eq. (3.55), we have
dw hk
Vgr = — = —.
& dk m
For all de Broglie waves constituting a wavepacket with a mean momentum py and a small momentum
uncertainty, we have k ~ po/h and hence vy = po/m. This result is identical to the classical one.

Solution to Exercise 3.34. The time derivative of the operator’s expectation value can be found
using the rule for the derivative of a product:

L= 6] 4) = (5 1) (4 49 o0
The time derivative of the state |1/) is determined from the Schrédinger equation: [¢)) = (—i/h)H |1)).

Because the Hamiltonian is a Hermitian operator, we also have ()| = (i/h) (1| H. Substituting these
relations into Eq. (8.16), we find

: 1 1 PN i P
=5 (o] 24 v) - 5 (ol dtt| ) = 5 (o] (. A ).
Solution to Exercise 3.35.
a) According to the previous result, (z) = (i/R)([H,#]), so we need to find the commutator

between the Hamiltonian H = $?/2m + V(2) and the position operator Z. The potential
energy is a function of the position and thus commutes with it. To find the commutator
between the kinetic energy and the position, we use Eq. (1.52):
/\2 A~
2l 1. . 1.\ Ex. 348 .Dh
{Qmaﬂf} = %(PLZ% ]+ [p, 2lp) = v
and thus (z) = (p)/m

b) Here we need to find the commutator between the Hamiltonian and the momentum operator;
the only non-commuting term in the Hamiltonian is the potential energy V(&). We accomplish
our task by analyzing the action of the commutator [V (&), p] on an arbitrary state |¢) in the
position basis. We set |¢) = V(Z) [¢) and write

(@[ [V(2), 0l ) = (z[ V(2)p| ¥) — (] pV(2)] ¥)
= V(x){z|p| ¥) — (x| p| ¢) [because |z) is an eigenstate of V()]

= V@) (i) () — (i) o [V ()]
= V(@) (—ih) S (@) + ihS V(@) () + iV (@) ()

dx dz
= zhw(x)%‘/(x)

Consequently,

@ = 1 V)5 0)

7

. 400
- ! / () z) (2 [V(2), ]| )

,iooo ;
= -/ ¢*(m)¢(m)£V(x)dx

The latter expression can be formally written as

(p) = —<w

dv
El)
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Solution to Exercise 3.42. We can rewrite the time-independent Schrodinger equation (3.64) as

h? d?
%@1#(95) = (Vo — E)Y(z),
which can be simplified to
d2
@ﬁ’(l’) = ’4327//(33)’

where k = y/2m(Vp — E)/h does not depend on x. This second-order differential equation has two
linearly-independent solutions:
P(x) = Aetr®, (8.17)

Note that x is real only if E < Vj, i.e. the total energy is below the potential energy level. Otherwise,
x becomes imaginary and the solution (8.17) takes the form of the de Broglie wave:

() = Ae™, (8.18)
where k = ik = \/2m(FE — Vp)/h is a real wavevector.

Solution to Exercise 3.43. Let us rewrite the time-independent Schrédinger equation (3.64) as
follows:
h? d?
o () = [B ~ V@),

If both V(z) and ¢(x) are finite for all z, so is the right-hand side of the above equation. This
means that d%¢(z)/dx? is finite for all  as well. This implies in turn that the first derivative of
the wavefunction is continuous for all z, because otherwise d?¢(x)/dz? would be singular at some
points. Because di(x)/dx is continuous, it must be finite for all z. Therefore, ¢(x) must be finite
for all x as well.

Solution to Exercise 3.44.

a) Because the Hamiltonian H is a Hermitian operator, its eigenstates form an orthonormal basis.
Our goal is to prove that such a basis can be composed of states with real wavefunctions.

Suppose this is not the case, i.e. there exists a Hamiltonian eigenstate |¢)) with eigenvalue
FE which cannot be expressed as a linear combination of eigenstates with real wavefunctions.
Consider the state |¢*) described by the wavefunction ¢*(x), where ¢ (z) is the wavefunction
of the state |¢). If ¢(x) is an eigenwavefunction of the Hamiltonian (i.e. satisfies the time-
independent Schrédinger equation), so must ¥*(z); therefore, |¢)*) must also be an eigenstate
of the Hamiltonian with the same eigenvalue. Now consider the following states:

l) = [¥)+19%);
la) = [l¥) = [/

According to properties of complex numbers, the wavefunctions of these states are real. Be-
cause [11) and |i¢9) are linear combinations of |¢) and |1)*), they are also eigenstates of H
with eigenvalue F. Furthermore, the state |¢)) can be expressed as a linear combination

[0 = 2() + )

of energy eigenstates with real eigenvalues. We have arrived at a contradiction.

b) By the same logic, consider an energy eigenstate |¢)) with eigenvalue F and wavefunction ¢ (x).
If ¢ (x) satisfies the time-independent Schrodinger equation, the wavefunction ¢ (—z) does, too,
so the state |1)7) with this wavefunction is also an eigenstate of the Hamiltonian. We now
construct an energy eigenstate with an even wavefunction,

1) = ) + |[¥7),
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and one with an odd wavefunction,
ltha) = [¥) — [¥7).

The state |¢)) can then be expressed as a linear combination of |¢1) and [i)s):

9 = 5(1a) + o).

Solution to Exercise 3.45. As discussed in Ex. 3.42, energies E below a constant potential level
Vp are associated with eigenwavefunctions ¢(z) = Ae™®, with k = /2m(Vy — E)/h. Because of
the normalization condition, the wavefunctions cannot have components that exponentially grow at
infinity, and thus we must have

V(@) - Ae "% at x — 400
A'ef* at x — —o0

In other words, ¢ (z) — 0 for |x| — £o00, so we have a bound state.

Conversely, if the energy exceeds the potential at infinity, the eigenwavefunctions tend to ¢ (z) —
Aetk® 4 Ale~ke | with k = \/2m(E — Vp)/h. If at least one of the factors A or A’ does not vanish,
the state is not bound.

Solution to Exercise 3.46. Because the potential is an even function of x, it suffices to look for
even and odd solutions of the time-independent Schrodinger equation. Let us consider these two
cases separately.

A general odd solution is of the form

—Ber*, x < —a/2
Y(xr) =< Asinkz, —a/2<z<a/2 (8.19)
Be " x> a/2

with
2mFE
k = 2
e, (3.20)
2m(Vop — FE
wo= VB (8.21)

Because the potential is finite, both the wavefunction v (z) and its derivative ¢’(x) must be contin-
uous. Writing these conditions for the boundary of the box z = a/2, we find!

Asin kx’x:a/Q = Be "|i—q/2;
Ak cos km|$:a/2 = —kBe ™| —a)2
or
Asin k—; = Be r/2 (8.22)
Ak cos k—; = —kBe "/, (8.23)

These equations result in restrictions on energy values at which the time-independent Schrédinger
equation has a solution. To see this, let us divide Eqgs. (8.22) and (8.23) by each other. We obtain

ka K
t— = ——. 8.24
co 5 - ( )

IThe continuity condition for z = —a/2 yields the same set of equations.
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This equation relates k and k. Another relation between these quantities is due to Eq. (8.20), which
can be incorporated into our calculations as follows. Let us denote ka/2 = 6 and ka/2 = 6;. From
Eq. (8.20) we then have

0> + 037 = 6,
where
V2mW,
g, = Y02 (8.25)
R 2
Equation (8.24) now takes the form
0
cot f = —gl (8.26)

or

92
—cotf = 0% —1. (8.27)

This equation contains only one unknown variable, 8, which is related to the evergy eigenvalue.
Unfortunately, this equation is transcendental and cannot be solved in elementary functions.
A generic even solution is given by

Be"*, x< —a/2
Y(z) = Acoskz, —a/2<z<a/2 (8.28)
Be ", x>a/2

Proceeding in a fashion similar to the odd case, we find the continuity conditions for the boundary
of the well

k
Acos 7“ = Be /2 (8.29)
k
— Aksin 7“ = —kBe"/2, (8.30)
and the transcendental equation for
02
tanf = 9% - 1. (8.31)
93 | tan©
0i ™
8 1 i —cot0 i
: | | |
| I
T 3710
2 : P

Figure 8.1: Graphic solution to transcendental equations (8.27) and (8.31) for 6y = 5.

Solution to Exercise 3.47. When Vj is infinite, so is the right-hand side of Egs. (8.27) and
(8.31). The tangent in the left-hand side of Eq. (8.31) takes on a positive infinite value when
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6 = (25 + 1)7/2, and the cotangent in (8.27) when 6 = 7j, where j is an arbitrary natural number.
The general solution in the limit V5 — oo can then be written as § = nn/2, with n being an
arbitrary natural number: an even n = 2j produces an odd solution, and an odd n = 2j + 1 an even
solution. Substituting 8 = ka/2, we find wavevector values k,, = nm/a, which correspond to energy

eigenvalues

o h2 k> B h2m2n?

2m  2ma?

We notice that the oscillating parts of the wavefunctions, inside the box,

\/gsin (%), even n
Yn(x) = ; (8.32)
\/%cos (222) , odd n.

vanish at x = +a/2. This implies according to Egs. (8.22) and (8.29) that B = 0 for both odd and
even cases, and that the wavefunction vanishes outside the box.

We can now find the normalization constant A. To this end, we integrate the square absolute
value of the wavefunction over the real axis. We find, for both even and odd solutions,

a/2

[T wwrar= [ ek = 1apg,

—o0
—a/2

so the norm is A = /2/a.
Solution to Exercise 3.53. Since Vpa = Wy we can rewrite Eq. (8.25) as

_ vV 2mWO ﬁ

%o ho 2

(8.33)

Because a tends to zero and Wy is a constant, 6y also tends to zero. The bold curve in Fig. 8.1
shrinks to a vertical line just next to the ordinates axis. Therefore we have only one, even, energy
eigenstate, and we rewrite Eq. (8.31) using the fact that tand ~ 6 for small 0:

92
9:\/0—2— : (8.34)

6%+ 6% — 62 = 0. (8.35)

or

Therefore
-1l /1+ 498
-2

Because 6 is small, we approximate to the second order (the reason why we need this will become
clear shortly) /1 + 462 ~ 1 + 202 — 203. Then the two roots of Eq. (8.35) can be rewritten as

02

-8

2
0"~ —1-62+6;

(8.36)

Because we are looking for a bound solution, we expect 6 to be real, so we choose the first root,
0 =~ 6y. Since 0y = v/2mVpa/2h and 0 = V2mFEa/2h, we see that

_ 2n% ma?Vg mW§g

E =V — —=> =V — (8.37)

ma?

It is now clear why we needed the second order Taylor expansion. The energy level of the bound state
is (almost) at the top of the well. The coefficient x determining the behavior of the wavefunction
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outside the well is given by Eq. (8.21). Had we kept only the first order, we would obtain E =~ Vj,
and no information about k. Now we can however calculate

Y Qm(‘;’ —B) _ Wom (8.38)

h

KR

As we see, this coefficient is independent of a in the limit a — 0 as long as Vjya is kept constant.

Let us now find the normalization coefficient. In the limit a — 0, we need to only take into
account the part of the wavefunction that is localized outside the well when calculating the norm.
Using Eq. (8.28), we have

+o0 3
/ [v(z)?| = 232/6*2~wdx = B?, (8.39)
— 00
0
so B = \/k.
Solution to Exercise 3.53.
a) Because the potential is an even function of x, we can restrict to even and odd wavefunctions.

At z # 0, the potential is zero. The energy of a bound state must then be negative, so a
generic odd solution must be of the form

—Be™, x<0
v ={ po I3 (3.40)

with K = \/2m(—FE)/h. Unless B = 0 (i.e. ¢(z) = 0), the odd wavefunction has a discontinuity
at « = 0, i.e. unphysical.

The even solution is given by

Be™, x <0
Y(z) = { Be ™" x>0

It is continuous at all z, but its derivative has a discontinuity:

Aw'(m)|mzo = —2BkK.

This is not a problem, because the potential has a discontinuity at x = 0.

The solution (8.40) is valid for an arbitrary x at all values of = except z = 0. In order to
find out for which values of k the time-independent Schrédinger equation (3.74) is satisfied at
x = 0, let us integrate this equation over an infinitesimal interval around this point:

+0 +0

2 2
_/infm% (x):/[E—V(m)]w(x). (8.41)
-0 -0

Using the Newton-Leibniz axiom as well as Eq. (C.5), we find

R? [ dy(x) dep(x) B
m( B le=t0 ™ "dy ’m—_o>W01/)(0)~ (8.42)

Given that, according to Eq. (8.40),
v0) = B; (8.43)

dy(z)

Do lo—so = —Br; (8.44)

dy
dfcx)‘z:*o = Bx (8.45)
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we find from Eq. (8.42) that x = Wym/h? and thus

Wim
E = T

The normalization factor B = y/k is found from the condition fjoc: [¢(x)]2dx = 1.

Solution to Exercise 3.54. The particle is initially prepared in the bound state of the original
potential (see Ex. 3.53):
efor. <0

wi) =vi{ S C5Y,

with kg = Voym/h%. After the sudden change of the potential, the bound state is given by another

wavefunction,
eMr <0

@ =va{ S T,

with k1 = 2Voym/h?. The probability that the particle will remain in the bound state of the new
potential is given, according to the Second Postulate, by the inner product

pr = [(to| ¥1)|®
/.

Yo ()i (z)d

2

+oo 2

= Kok1 Q/e_ﬁome_ﬁlzdm

0
2

_ 2

= Kok1 Ko + 1
8

)

Solution to Exercise 3.59. The general solution associated with energy eigenvalue F is

Aethor 4 Be~ikoz 4 ()
wbar(Eaz) = { Cetkrz +D67ik1x, >0 (846)

where kg = V2mE/h, ki = \/2m(E — V) /h. The four amplitudes A, B, C, D must be chosen so
that the wavefunction and its derivative are continuous at the barrier, i.e.

A+B=C+D;

Zk‘o(A — B) = Zkl(C — D);

One of the parameters provides normalization and can be set to an arbitrary value. This leaves us
with three parameters and two equations; therefore, for each energy value, there are two linearly
independent solution sets. They can be chosen to correspond to the following physical situations:
(1) an initial de Broglie wave approaching from the left

ko — k1 2k

B=A i C=A——;
ko + k1 ko + k1

D=0, (8.47)

and (2) an initial de Broglie wave approaching from the right (A = 0)

2 o phiko

A=0; B=D ; = .
ko + k1 ko + k1

(8.48)
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Of course, any linear combination of these solutions is also a solution.
Solution to Exercise 3.62. The initial wavepacket can be written in the wavevector basis as (3.39)

1/4 +oo
1(0)) = <d> / e e~ 2 |y + k) dre, (8.49)

m —0o0

where x is small compared to kg and k1 (due do the second and fourth assumptions above). To
simplify the calculation, we replace the momentum eigenstate |k) in the above equation by an energy
eigenstate |par(k)) (8.46), which we write in the form

(2| Ypar(r)) = Ae?Fotmzg(_g) 4 Beihotrzg(_z) 4 Ce'V (}“””)2*2112‘/0’39(@. (8.50)

In Eq. (8.50) A-wave, with A = 1/v/2m, is identical to |k + ), while the B- and C- waves are
orthogonal to it. As we shall see below, B- and C-terms do not modify the initial state, but emerge,
as separate wavepackets, only after the initial packet reaches the barrier. The amplitude factors
B and C are given by Eq. (3.79a). We can neglect the variation of the amplitudes B and C as
a function of the small . Furthermore, using k¥ = k% — 2mVp/h% and neglecting terms that are
quadratic with respect to k, and we can replace in Eq. (8.50)

2 2 k
\/(ko b2 2V \/kg kg — VO + 2kok /K2 = ky + Kol
K2 h? k1

Knowing that the state |¢par(k)) is an eigenstate of the Hamiltonian with energy E, = h?(ko +
k)2/2m =~ (h?/2m)(k} + 2kok), we write the evolution of the state 1, again neglecting quadratic
terms:

d2 1/4 . 2 +oo . hkq 2 ;2
(1)) = () e~ ikot/2m / et T =R 2 g (K)) dis. (8.51)

T oo

The overall phase factor e~#*5t/2m can be neglected.

We shall now calculate the integral (8.51) for each wave in Eq. (8.50) separately.
A-wave. Applying standard Fourier transform rules (C.12), we obtain

™ —00

o d? /4 rtoo ) )
oate ) = Apayeter (T) [ e e g

d2>1/4 Vor (et

2 e 2ad2
s

_ _ ikow
= Af(—x)e < 7

This is a Gaussian wavepaket centered at the point z = a + %t and propagating with the speed
hko/m in the positive direction. When the wavepacket reaches the barrier (i.e. at tpny = %ﬁ”), it
disappears due to the factor 8(—x). Before this happens, the total probability associated with this
wavepacket is pra = fjooj [Ya(z,t)?de =21 A% = 1.

B-wave is treated similarly, except that the integral is the inverse Fourier transform. We obtain

d2>1/4 P Gl O

I ¢ 2d2

Yp(x,t) = B@(f:n)e*ik” < y

T
This wavepaket is a mirror image of the previous one. At ¢ = 0, it is located at * = —a but is
“invisible” due to the factor §(—z). It propagates in the negative direction. Once it reaches the
barrier (simultaneously with the A-packet), it becomes “visible”. This wavepacket is associated with
the reflection of the particle from the barrier. The total probability associated with this wavepacket
is prg = 2w B2.

C-wave.

2\ /4 ptoo , .
¢C($7t) = CQ(.’I})eiklx <d> / e—iﬁ(a-i- f:Lo t)e—ﬁ2d2/2€ln%xdl€
m

—00



167

I ¢ 242
™

d2)1/4 Var (e tiey”
: .

= CO(z)e™” <

This packet is narrower than the other two by a factor ko/ki. It begins to exist at ¢ = tpar
and propagates in the positive direction at a speed hik;/m. This wavepacket is associated with
the particle transmitted through the barrier and has the probability prc = 27C?%ky /ko. A direct
calculation shows that prg + pr¢ = 1.

Solution to Exercise 3.63. Proceeding similarly to Ex. 3.59 we find that the solution is a linear
combination of six wavefunctions as shown in Fig. 3.7 and is thus a function of six parameters.
For each of the two interfaces, there are two continuity conditions (for the wavefunction and its
derivative):

A+ B=C+ D;

iko(A — B) = k1(C — D);
Cefl y De ML = E + F,
ki(CeFt — De"E) = iko(E — F),

where kg = V2mE/h, k1 = \/2m(Vy — E)/h. Again, each energy value is twice degenerate: the
linearly independent solutions correspond to the matter waves approaching from the left (F = 0)
and from the right (A = 0). We are interested in the first option and solve the above equations
assuming an arbitrary E and working our way to the left. We then find the relation between the
incident, transmitted and reflected amplitudes:

A=E |eoshkaL+ - (¥ R0 Gunee )] (8.52)
2 \k
B i (ko ko
B=F { 5 (ko + k:1> smh(le)] . (8.53)

The transmission and reflection coefficients are then given by Egs. (3.81).

Solution to Exercise 3.67. We rescale the position and momentum operators according to X =
Az, P = Bp. We then have, for the counterpart classical observables, P/X = (B/A)(p/z). Because
Pmaz/Tmaz = Mw, we ind Praz/Xmae = (B/A)mw. The requirement that Pp,q. = Xpmae implies

that
A

On the other hand, the commutator of the rescaled observables satisfies [X, P] = AB[z, p] = ihAB.
Since we need this commutator to equal i, we obtain the second equation:

1
AB = —.
h
Solving these two equations for A and B, we find the desired result.

Solution to Exercise 3.68. Since A has the same dimension as the product of the position and
momentum, i.e. kg-m?/s, the dimension of \/mw/h is m~! (i.e. the same as z~') and that of v'mwh
is kg-m/s (i.e. the same as p).

Solution to Exercise 3.69. As discussed in Sec. 3.2, rescaling a continuous variable affects the
normalization of its eigenstate: if X = &+/mw/k, then | X) = (h/mw)/*|z). Similarly, the renor-
malized eigenstatewe of the rescaled momentum P = p/v/mhw is |P) = (mhw)'/*|p). Now for the
de Broglie wave we have

1/4
K17 = () )l ) = Vit = e,

mw
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Using this result, we argue similarly to Ex. 3.13 to obtain the conversion expressions for wavefunc-
tions in the rescaled observable basis:

B(X) = %2? / :Oz/XP)eiPXdP;
i — /+001/J(X)e‘iPXdX
Nz '

Solution to Exercise 3.70. Using the relations found in Ex. 3.69, we find

Kelwy = () sl
(3.41) (i}) v \/;Tw(_m)i (x| ¥)
- \/nlfm(_m);x (X] )
_ \/Tiim(—ih)\/?cg( (X]9)
= i (x|

The expression for the position operator in the momentum basis is obtained similarly.

Solution to Exercise 3.71.

H= % m‘”;xQ - mwhf—? %WZXQ - %m} (X2 + 152) . (8.54)
Solution to Exercise 3.72.
a) Because the position and momentum operators are Hermitian, Xt = X and (iP)f = —iP.
Therefore, a' = (X +iP)'/v/2 = (X —iP)/V2.
b)

(X, X] —i[X,P] +i[P,X] + [P, P]) = 1.

|~

[a,a'] = %[XHP,X—MS] =

c¢) The position and momentum operators are expressed through @ and a' by solving Eqs. (3.86)
and (3.87).

d)

= Zm[wﬁ + 2a'a]
88) 1
629 Thel2ata +2+2a1a)

1
= hwlata+=].
[aa—&—z}
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Solution to Exercise 3.73.

a) In order to verify if the state @|n) is an eigenstate of the photon number operator afa, let us
subject this state to the action of this operator and employ the result (3.91), rewritten in the
form a'aa = aata — a:

ataa|n) = (aa'a — a) |n) = (an — a) |n) = (n — 1)a|n),
as was required.

b) Similarly, from Eq. (3.91) we find afaa’ = afata 4 af and thus

ataa’ |n) = (a'a'a+a') |n) = (a'n +a") [n) = (n+ 1)a' |n).

Solution to Exercise 3.74.

a) Let [¢)) = a|n). From the previous exercise, we know that [)) is an eigenstate of a'a with
eigenvalue n — 1, i.e. [¢)) = A|n — 1), where A is some constant. We need to find A. To this
end, we notice that (1| = (n|a' and calculate

W] ) = (n| a'a| n) = n.
But on the other hand,
@l y) = AP (n =1 n—1) = |AP,

where in the last equality we have used the fact that the eigenstates of the number operator
are normalized. From the last two equations, we find |[A| = /n.

The phase of A is arbitrary. By convention, it is chosen equal to zero, so A is real and positive:

A=/n.
b) Similarly, if |¢) = a' |n) = B|n + 1), then, on one hand,
(8] ¢) = (n| aa| n) = (n| ata+1| n) =n +1,

and on the other hand
(4] ¢) = Bl (n+ 1| n+1) = |BJ*.

Therefore (invoking a similar convention), B = v/n + 1.

Solution to Exercise 3.75.

(3.93) af at af (af)”

) U= 1) = T =2 = = ),

Solution to Exercise 3.76. The vacuum state obeys the equation & |0) = 0, or
(X +iP)|0) = 0. (8.55)

In order to find the wavefunction in the position basis, we use Eq. (3.84) to write the momentum
operator in this basis. Equation (8.55) then becomes

(X + C&) $(X) = 0.
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This is a first order ordinary differential equation whose solution is
(z) = Ae™X/2,
where A is the normalization constant, calculated in the usual manner:
oo 2 2 oo x? 2
o) = [ eoPde =P [ e ¥ o= APy
Requiring the norm of |¢) to equal 1, we find A = 7~ /4,

The wavefunction in the momentum basis is calculated similarly.

Solution to Exercise 3.77.

a) The single-photon Fock state is obtained from the vacuum state by applying a single creation
operator. Using Eq. (3.84), we express the creation operator in the position basis as

a*:%(;ﬁzﬁ) \}i(Xdi()

and thus the wavefunction of the state [1) = a' |0) is

b1 (X) 1 (X d )e_X2/2 _ V2 xp

T Vart/a " dx T onl/4
The two-photon Fock state is obtained by applying the creation operator to the single-photon
state: "
(3.93b) @
2) =" —1).
2 2 )

In the position basis,

_1 _i _ 1 _i -X%/2 _ 1 2 —-X2/2
e (X) = 5 (X dX) P1(x) = Ta/a (X dX) Xe = \/§7r1/4(2X 1e .

b) We now show by induction that Eq. (3.97) describes the wavefunction of the Fock state |n).
First, from the definition of the Hermite polynomial,

noxz d¥ e
H,(X)=(-1)"e ot
we find that Ho(X) = 1 and thus the wavefunction of the vacuum state obtained from
Eq. (3.97) is ¢o(X) = 7= 1/4e=X*/2 which is consistent with Eq. (3.96). Second, assum-
ing that if Eq. (3.97) is valid for a specific Fock state |n), we need to prove it to be also
valid for the next Fock state |n + 1) = af |n) /v/n + 1. We apply the creation operator in the
position basis:

ot
a
+1) = —
- X —d/dX H,(X) X7/
Vo/n ¥ 1 wl/4y/2np]
1 Cy2y dH(X) o de=X’/2
— XH, (X X=/2 _ Z2An\A) X/Q,HnXi
7/ /20 (n 1) (X)e ax © W~ ax

1
= 2XH,(X) — ———=
ml/4, /201 (n 4 1)! [( (%) dX

1 >
= Hy1(X)e X772
A4 (4 1) +(X)e ’
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which, according to Eq. (3.96), is the wavefunction of the state [n+ 1). In the final step
in the above transformation, we have applied the known recursion relation for the Hermite
polynomials,

dH,(X)

i1 (X) = 2X Hy (X) = =5

Hoa(X).

Solution to Exercise 3.78. For an arbitrary Fock state |n), we have

(r 1

n> = —(n] (d+df)| n)

_ 12<n\(\/ﬁ\n—1>+\/n+1|n+1>)

X

\V)

7N

(8.56)

Similarly,

For the uncertainties, we have
<AX2> = <n‘ X2‘ n>
= % (n| (aa + aa' + a'a+ afa’)| n)

_ %<n| [,/n(n_ Din—2) +vVari |n)+va o)+ o+ 1(n+2) |n—|—2>}

. %(271 +1). (8.57)

The same answer holds for the momentum uncertainty:

(AP?) = %(21@ +1).

Solution to Exercise 3.79. Both |0) and |1) are energy eigenstates with the eigenvalues being,
respectively, fuw/2 and 3fiw/2. The evolution of the superposition of these states is then given by

|¢(t)> _ efiwt/2 |0> + 673iwt/2 |1>

The expectation value of the position observable is then given by
@89 1 2z
V2 V2

The only nonvanishing matrix elements in the expression above are (0] a| 1) = (1
then conclude that

(X) W) (@+a) [vt) = —=((0] + e (1] ) (a +a) (|0) +e " |1)).

at| 0) = 1. We

% (em + e_i‘“t) = V2 coswt.

Similarly, for the momentum observable we find

1 iwt 6 — G Tt - =
(X) = 5 (e 1)) (@ —al) (10) + 7 1)) = —(

The trajectory in the phase space is a clockwise circle with the center in the origin and a radius of

V2.

Solution to Exercise 3.80. We will perform the calculation in the position basis. Acting similarly
to Ex. 3.76, we rewrite Eq. (3.99) as

(X) =

— et 4 e*i“’t) = —/2sinwt.

1 d ;
% (X T dX) P(X) = (Rea+ iIma)y(X).
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Substituting Eq. (3.100), we find

1 d B 1 jPaXa d Py X (X=Xa)?
\/§<X+CLX>/¢O‘(X) - \/571-1/46 2 <X+d)(>e e 2
1  Po Xa . (X—Xq)?
= T X 4Py — (X — X,)]ePeXe "2
\/§7r1/4
1
= —= (Xa+iPa)va(X), (8.58)

V2

so Eq. (3.99) holds provided that X, = V2Rea and P, = v2Im a.
The wavefunction (3.101) in the momentum basis is obtained from that in the position basis by
means of Fourier transform, similarly to Ex. 3.16.

Solution to Exercise 3.81. The right-hand side of Eq. (3.103) counsists of sequential application
of the position and momentum displacement operators, as well as an overall phase factor, to the
vacuum state Let us first just apply the position displacement:

|w/> _ e—iXaP |O> .
Working in the position basis, we obtain the wavefunction

(3.96) 1 _/v_x 2
wl($):'(/}0(X_Xa) = me (X=Xa)*/2.

Now if we apply the momentum displacement,
(") = =X |y),
we have 1
iPoX ,—(X—X4a)?
Y(e) = e en X,

—tPaXa/2 e obtain the wavefunction that is identical to

Upon multiplying by the phase factor e
that of the coherent state (3.100).

The proof of the second equality in Eq. (3.103) is left for the reader as an independent exercise.

Solution to Exercise 3.82. The right-hand side of Eq. (3.103) consists of sequential applications
of the position displacement by X, and momentum displacement by P,. As we know from Ex. 3.21
and 3.22, each of these operators adds the displacement value to the mean value of the position or
momentum, respectively, while leaving the expectation value of the other canonical observable as
well as the uncertainties of both observables. Based on this fact, and using Eq. (3.102), we obtain
the desired result.

Solution to Exercise 3.83. Let us apply the Baker-Hausdorff-Campbell formula (1.70) to Eq. (3.103).
We have A =iP,X and B = —iX,P. Then the commutator

[A, B] = P,X,[X,P] =iP,X,

is a number (which we denote as ¢), so the Baker-Hausdorff-Campbell formula is applicable. In our
notation, the right-hand side of Eq. (3.103) is identical to the right-hand side of Eq. (1.70), so we

can write o o
la) = e B |0) = P X —iXa P 0) (8.59)

Let us now transform this result as follows.
o) = exp(iPaX' — iXaﬁ) |0)
Xy +iPy X —iP X, —iP, X +iP
= exp |0)

V2 V2 2 V2
= exp (aal —a*a)|0). (8.60)
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Now since the commutator
[aa’, —a*a] = —[a®|[af, 4] = ||,
is also a number, we can use the Baker-Hausdorff-Campbell formula again and obtain Eq. (3.106).
In order to simplify this equation, let us decompose

o0

i) =3 (_2‘7,)"& 10y = [0) .

n=0

The last equality above holds because, since @ is the annihilation operator, all the terms in the sum
vanish except for n = 0.
Substituting this result into Eq. (3.106), we obtain Eq. (3.107).

Solution to Exercise 3.84. Decomposing Eq. (3.107) into the Taylor series, we find
|a> _ e—la\2/2eadf |O>

a2 > a” n
= e HQZOH(M) 10)

G ool 23 O ) (8.61)

|
n—o V1

The same result can also be partially obtained using a more intuitive argument, not involving
displacement operators. Let us assume some decomposition of the coherent state into the number
basis,

la) = Z ap [n), (8.62)
n=0

and apply the definition (3.99) of the coherent state to this decomposition. For the left-hand side
of Eq. (3.99), we have in accordance with Eq. (3.93a),

ala) =) oniln)
n=0
= Z anyvnin —1)
n=1
TN apaVi 1) (8.63)

n’=0

At the same time, the right-hand side of (3.99) can be written as

ala) = Z aay n'). (8.64)
n’=0

Equalizing both sides, we find a recursive relation

QO

Qn/+1 = \/ﬁa (8.65)
SO
a1 = OO,
[e7e75] 0[2050
« = —_— :
2 \/i \/5 )
(6765 01305()
a3 = = ;

)
5

. (8.66)
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or in general

a™ o

ok

It remains to find such a value of o that state (8.62) is normalized to one. We find

Z aal? = oo 3 420" (8.68)

n=0

(8.67)

Ay =

If we look carefully at the sum in the above expression, we will find it to be the Taylor decomposition
of €I’ so we have (o] @) = |040|26|a Setting (a| a) = 1, we find
—|af?

lagl* = e (8.69)

or 4 ,
ap = ePeelol/2, (8.70)

The quantum phase factor e?#= is a matter of convention, but it must be consistent with the con-
vention chosen for the phase of the coherent state wavefunction (3.100). This phase cannot be
determined based on these elementary considerations. However, a rigorous derivation shown in the
beginning of this solution demonstrates that ¢, = 0 for all a.

Combining Eqs. (8.67) and (8.70) we obtain

an = e*'a‘Q/QO‘—m. (8.71)

Solution to Exercise 3.85. For the mean number of excitation quanta, we write:

oo
g npr,,
n=0
o0 2n
_ —la? |at|
= e n—-—
n!

n=0

o 2n
N N
° Z (n—1)!

n=1

. & 2n’
Wl ppelel 3 1O (8.72)

n’!
n’=0

{n)

As we know from calculus, the sum equals el®”. Accordingly, (n) = ||
For the mean square number of excitation quanta, the calculation is similar, but somewhat more
complicated:

n=1
0 2n’
'=n—1 Jaf? o]
e Sl
n’=0
_ 2o [i /|04\ Z |0<|2n1
n’=0

oo
= |o|? [Z n'pr,, + Z prn,]
n’=0 n’=0

=7 o [l +1]. (8.73)
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Hence the variance of n is (An?) = (n?) — (n)? = |al?.
Solution to Exercise 3.86.
a) The energy of each pulse is E, = P/f =107% J.
b) The energy of each photon is

2me

hw = hT =25x1071° J.

The mean number of photons per pulse is (n) = E,/hw = 4 x 100,

¢) The variance in the number of photons per pulse equals <An2> = (n). Hence the uncertainty in
this number equals \/m =2 x 10°. The relative uncertainty is the inverse of this number:

VAR / (n) =5 x 1075,

If we reduce the laser power by a factor of 10%, the mean number of photons per pulse will reduce
by the same factor. On the other hand, the uncertainty in that number will only reduce by a factor
of 103, Therefore, the relative uncertainty will increase by a factor of 10® and become 0.005.

Solution to Exercise 3.89. Given that the coherent state is decomposed into the Fock basis
according to Eq. (3.108) and that each Fock state is an eigenstate of the Hamiltonian with eigenvalue
hw(n +1/2), we find

. n s
e—th/h|a> _ 6—\a\2/2z Oén'e—th/h|n>

_ —lal?/2 A" i(nt1/2)t
= e —€ n

—tw —|al? (ae—iwt)n
e~ iwt/2 o=l /2ZT|TL>

et/ le™a). (8.74)



