
Chapter 8

Solutions to chapter 3 problems

Solution to Exercise 3.1.

a) We calculate the right-hand side of Eq. (3.5) using the decomposition (3.3) (we call the inte-
gration variable x′):

⟨x| ψ⟩ =
∫ +∞

−∞
ψ(x′) ⟨x| x′⟩ dx′ (3.1)

=

∫ +∞

−∞
ψ(x′) δ(x− x′)dx′ = ψ(x). (8.1)

The last equality follows from the definition of the delta function [see Eq. (C.3)].

b) Let us act with the operator 1̂ =
∫ +∞
−∞ |x⟩⟨x| dx upon an arbitrary state |ψ⟩. We have,

according to the properties of the outer product,

Î |ψ⟩ =
∫ +∞

−∞
|x⟩ ⟨x| ψ⟩dx (3.5)

=

∫ +∞

−∞
|x⟩ψ(x)dx (3.3)

= |ψ⟩ .

The operator Î acting on any state returns the same state, i.e. it is the identity operator.

c) We insert the identity operator (3.6) into ⟨ψ1| ψ2⟩:

⟨ψ1| ψ2⟩ =

⟨
ψ1

∣∣∣∣ (∫ +∞

−∞
|x⟩⟨x| dx

) ∣∣∣∣ ψ2

⟩
=

∫ +∞

−∞
⟨ψ1| x⟩ ⟨x| ψ2⟩dx

=

∫ +∞

−∞
ψ∗
1(x)ψ2(x)dx

=

∫ +∞

−∞
|ψ(x)|2dx.

Solution to Exercise 3.2. All the relations from Ex. 3.1 rely upon Eq. (3.5), which, in turn, is

a consequence of Eq. (3.1). If the latter relation were replaced by ⟨x| x′⟩ = ϵ(x − x′) =
{

1 if x=x′

0 if x̸=x′ ,

Eq. (8.1) would take the form

⟨x| ψ⟩ =
∫ +∞

−∞
ψ(x′) ⟨x| x′⟩ dx′ =

∫ +∞

−∞
ψ(x′) ϵ(x− x′)dx′ = 0.

The last equality is valid because the function ψ(x′)ϵ(x−x′) takes a nonzero value at only one point
in R and its value its finite. The integral of such a function is zero.
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Solution to Exercise 3.3. Applying Eq. (3.7), we find that

⟨ψ| ψ⟩ =
∫ +∞

−∞
|ψ(x)|2dx.

The left-hand side of this equation is 1 because |ψ⟩ is a physical state.

Solution to Exercise 3.4.

a) Integrating the squared absolute value of the wavefunction over the real axis we have

∫ +∞

−∞
|ψtop−hat(x)|2dx = A2

b∫
a

dx = A2(b− a),

and thus

A =
1√
b− a

.

b) using Eq. (C.9) we find∫ +∞

−∞
|ψGauss(x)|2dx = A2

∫ +∞

−∞
e−

x2

d2 dx = A2

∫ +∞

−∞
e−

x2

d2 dx =
√
πd,

so

A =
1

π1/4
√
d
.

Solution to Exercise 3.5. According to Eq. (3.5), the wavefunction of the state |x0⟩ is

⟨x| x0⟩ = δ(x− x0).

Solution to Exercise 3.6. In accordance with the definition of the continuous-variable observable,

x̂ |x⟩ =
(∫ +∞

−∞
x′ |x′⟩ ⟨x′| dx′

)
|x⟩ =

∫ +∞

−∞
x′ |x′⟩ ⟨x′| x⟩dx′ =

∫ +∞

−∞
x′ |x′⟩ δ(x′ − x)dx′ = x |x⟩ .

Solution to Exercise 3.7.

a) We insert the identity operator (3.6) at both sides of Â:

Â = 1̂Â1̂

=

(∫ +∞

−∞
|x⟩⟨x|

)
dx)Â

(∫ +∞

−∞
|x′⟩⟨x′|

)
dx′)

=

∫ +∞

−∞

∫ +∞

−∞
|x⟩
⟨
x
∣∣∣ Â∣∣∣ x′⟩ ⟨x′| dxdx′

=

∫ +∞

−∞

∫ +∞

−∞
A(x, x′) |x⟩⟨x′|dxdx′.

b) Using the same approach,

⟨ψ| Â |ψ⟩ = ⟨ψ|
(∫ +∞

−∞
|x⟩⟨x|dx

)
Â

(∫ +∞

−∞
|x′⟩⟨x′|dx′

)
|ψ⟩

=

∫ +∞

−∞

∫ +∞

−∞
⟨ψ| x⟩

⟨
x
∣∣∣ Â∣∣∣ x′⟩ ⟨x′| ψ⟩ dx dx′

=

∫ +∞

−∞

∫ +∞

−∞
ψ∗(x)A(x, x′)ψ(x′) dxdx′.
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c) Here we insert the identity operator only at the right-hand side of Â:

⟨x| Â |ψ⟩ = ⟨x| Â
(∫ +∞

−∞
|x′⟩⟨x′| dx′

)
|ψ⟩

=

∫ +∞

−∞

⟨
x
∣∣∣ Â∣∣∣ x′⟩ ⟨x′| ψ⟩ dx′

=

∫ +∞

−∞
A(x, x′)ψ(x′) dx′.

d) Similarly,

⟨ψ| Â |x⟩ = ⟨ψ|
(∫ +∞

−∞
|x′⟩⟨x′| dx′

)
Â |x⟩

=

∫ +∞

−∞
⟨ψ| x′⟩

⟨
x′
∣∣∣ Â∣∣∣ x⟩ dx′

= ψ∗(x′)

∫ +∞

−∞
A(x, x′) dx′.

e) According to the properties of adjoint operators (see Ex. 1.74),

(A†)(x, x′) =
⟨
x
∣∣∣ Â†

∣∣∣ x′⟩ =
⟨
x′
∣∣∣ Â∣∣∣ x⟩∗ = A∗(x′, x).

f) Inserting the identity operator between Â and B̂, we find

⟨x| ÂB̂ |x′⟩ = ⟨x| Â
(∫ +∞

−∞
|x′′⟩⟨x′′|dx′′

)
B̂ |x′⟩

=

∫ +∞

−∞

⟨
x
∣∣∣ Â∣∣∣ x′′⟩⟨x′′∣∣∣ B̂∣∣∣ x′⟩ dx′′

=

∫ +∞

−∞
A(x, x′′)B(x′′, x′)dx′′.

Solution to Exercise 3.8. Using the definition (3.11) of the continuous-variable observable,

⟨ψ| x̂ |ψ⟩ = ⟨ψ|
(∫ +∞

−∞
x |x⟩⟨x| dx

)
|ψ⟩

=

∫ +∞

−∞
x ⟨ψ| x⟩ ⟨x| ψ⟩ dx

=

∫ +∞

−∞
x |ψ(x)|2 dx

=

∫ +∞

−∞
x pr(x) dx.

Solution to Exercise 3.10.

a) If a 1000-kg car is moving at a velocity 20 m/s (72 km/h), its momentum is p = 2×104 kg·m/s.
Using the tabulated value of 2π~ = 6.6× 10−34 m2· kg / s, we find the de Broglie wavelength
equal to λ = 2π~/p = 3.3× 10−38 m.

b) The average translational velocity of molecules of a gas is v =
√
3kBT/m, and the momentum

is p =
√
3kBTm, where kB is the Boltzmann constant (k = 1.38×10−23 J/K, T = 300 K is the

room temperature and m = Mair/NA = 4.7× 10−26 kg is the average molecular mass (where
Mair = 0.028 kg/mol is the molar mass of air and NA = 6 × 1023 is the Avogadro number).
We find p = 2.4× 10−23 kg·m/s and hence λ = 2.7× 10−11 m.
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c) The kinetic energy of the electron is p2/2m = eU , where m = 9.1 × 10−31 kg is the electron
mass, e = 1.6 × 10−19 Col is the electron charge and U = 105 V is the voltage. We find
p = 1.9 × 10−22 kg·m/s and λ = 3.5 × 10−12 m. Because the de Broglie wavelength of the
electron is much smaller than the wavelength of light, the electron microscope achieves much
higher resolution than optical.

d) By analogy with part (b), we find the mass of rubidium atoms as m = 0.087/(6 × 1023)
kg=1.5×10−25 kg and their momentum p =

√
3kBTm = 7.9 × 10−28 kg·m/s. The de Broglie

wavelength is 8.3×10−7 m=0.78 µm. This wavelength is comparable to the distance between
atoms in the condensate, which leads to quantum effects in interaction between atoms.

Solution to Exercise 3.11. Using the method of “inserting identity”, we write

|p⟩ =
∫ +∞

−∞
|x⟩ ⟨x| p⟩ dx (3.24)

=
1√
2π~

∫ +∞

−∞
ei

px
~ |x⟩dx.

Equation (3.28) is proven similarly.

Solution to Exercise 3.12. According to Eq. (3.7),

⟨p| p′⟩ =
∫ +∞

−∞
ψ∗
|p⟩(x)ψ|p′⟩(x)dx =

1

2π~

∫ +∞

−∞
ei

p′−p
~ xdx

(C.19)
=

1

2π~
2π~δ(p′ − p) = δ(p′ − p)

.

Solution to Exercise 3.13. To convert between the position and momentum bases, we apply our
usual trick of inserting the identity operator:

ψ(x) = ⟨x| ψ⟩ = ⟨x|
(∫ +∞

−∞
|p⟩⟨p| dp

)
|ψ⟩

=

∫ +∞

−∞
⟨x| p⟩ ⟨p| ψ⟩ dp

(3.24)
=

1√
2π~

∫ +∞

−∞
ei

px
~ ψ(p) dp;

ψ(p) = ⟨p| ψ⟩ = ⟨p|
(∫ +∞

−∞
|x⟩⟨x| dx

)
|ψ⟩

=

∫ +∞

−∞
⟨p| x⟩ ⟨x| ψ⟩ dx

(3.24)
=

1√
2π~

∫ +∞

−∞
e−i

px
~ ψ(x) dx.

Solution to Exercise 3.16.

a) Again, we use the wavevector basis rather than the momentum basis:

ψ̃(k) =
1

(πd2)1/4
F [ei

p0x
~ e−

(x−a)2

2d2 ](k)

(C.25)
=

1

(πd2)1/4
F [e−

(x−a)2

2d2 ](k − k0) (where k0 =
p0
~
)

(C.24)
=

1

(πd2)1/4
e−i(k−k0)aF [e−

x2

2d2 ](k − k0)

(C.15)
=

1

(πd2)1/4
e−i(k−k0)ade−(k−k0)2d2/2

=

√
d

π1/4
e−i(k−k0)ae−(k−k0)2d2/2.
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Now we can rewrite this result in the momentum basis using Eq. (3.36):

ψ̃(p) =

√
d

π1/4
√
~
e−i(p−p0)a/~e−(p−p0)2d2/2~2

. (8.2)

b) The probability density

pr(x) = |ψ(x)|2 =
1√
πd
e−

(x−a)2

d2

is a Gaussian curve centered around x = a. The expectation of the position (i.e. the average
value of the position observed) must be at ⟨x⟩ = a. Similarly, ⟨k⟩ = k0 and thus ⟨p⟩ = p0.

Solution to Exercise 3.17. Writing the momentum observable as p̂ =
∫ +∞
−∞ p |p⟩⟨p| dp, we find

⟨x| p̂| x′⟩ =
∫ +∞

−∞
p ⟨x| p⟩ ⟨p| x′⟩ dp = 1

2π~

∫ +∞

−∞
p ei

p
~ (x−x′)dp.

We now notice that the integrand can be expressed as p e−i
p
~ (x−x′) = −i~ d

dxe
i p~ (x−x′). The order of

differentiation and integration can be inverted:

⟨x| p̂| x′⟩ =
1

2π~
(−i)~ d

dx

∫ +∞

−∞
ei

p
~ (x−x′)dp

(C.19)
=

1

2π~
(−i)~ d

dx
(2π~)δ(x− x′)

= −i~ d

dx
δ(x− x′).

Solution to Exercise 3.18. Using the result of the Ex. 3.17,

⟨x| p̂| ψ⟩ = ⟨x| p̂
(∫ +∞

−∞
|x′⟩⟨x′| dx′

)
|ψ⟩

=

∫ +∞

−∞
⟨x| p̂| x′⟩ ⟨x′| ψ⟩ dx′

= −i~
∫ +∞

−∞

[
d

dx
δ(x− x′)

]
ψ(x′) dx′

= −i~ d

dx

[∫ +∞

−∞
δ(x− x′)ψ(x′) dx′

]
= −i~ d

dx
ψ(x)

Solution to Exercise 3.19. Using the result of Ex. 3.17 and 3.18,⟨
x
∣∣ p̂2∣∣ ψ⟩ = ⟨x| p̂

(∫ +∞

−∞
|x′⟩⟨x′| dx′

)
p̂ |ψ⟩

=

∫ +∞

−∞
⟨x| p̂| x′⟩ ⟨x′| p̂| ψ⟩ dx′

= −i~
∫ +∞

−∞

[
d

dx
δ(x− x′)

] [
−i~ d

dx′
ψ(x′)

]
dx′

= (−i~)2 d

dx

[∫ +∞

−∞
δ(x− x′) d

dx′
ψ(x′) dx′

]
= −~2 d

dx

[
d

dx
ψ(x)

]
= −~2 d2

dx2
ψ(x)
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Solution to Exercise 3.20. Left for the reader as an independent exercise.

Solution to Exercise 3.21.

a)

e−ip̂x0/~ |x⟩ (3.27)
=

1

2π~
e−ip̂x0/~

∫ +∞

−∞
e−ip̂x/~ |p⟩dp

=
1

2π~

∫ +∞

−∞
e−ip̂(x+x0)/~ |p⟩dp

= |x+ x0⟩ .

b) since the operator displaces each position eigenstate by x0, it displaces the whole wavefunction
ψ(x) as shown in Fig. 3.2. The new wavefunction is then given by

ψ′(x) = ⟨x| e−ip̂x0/~ |ψ⟩

=

∫ +∞

−∞
⟨x| e−ip̂x0/~ |x′⟩ ⟨x′| ψ⟩ dx′

(3.44)
=

∫ +∞

−∞
⟨x| x′ + x0⟩ ⟨x′| ψ⟩

=

∫ +∞

−∞
δ(x′ + x0 − x)ψ(x′)dx′

= ψ(x− x0).

c) Since the operator displaces the whole wavefunction by x0, it must also adds x0 to the mean
position value. Formally this can be expressed as follows. For the mean position value in the
state |ψ′⟩ = e−ip̂x0/~ |ψ⟩, we have

⟨x⟩|ψ′⟩ =

∫ +∞

−∞
x|ψ(x− x0)|2dx

x′=x−x0=

∫ +∞

−∞
x′|ψ(x′)|2dx+ x0

∫ +∞

−∞
|ψ(x′)|2dx′

= ⟨x⟩|ψ⟩ + x0, (8.3)

where ⟨x⟩|ψ⟩ is the mean position value in state |ψ⟩.
To find the transformation of the mean momentum value under the displacement operator, we
notice that the action of this operator in the momentum basis is simply a multiplication

ψ̃(p)
e−ip̂x0/~

7−→ ψ̃′(p) = e−ipx0/~ψ̃(p). (8.4)

Hence |ψ̃′(p)|2 = |ψ̃(p)|2 and

⟨p⟩|ψ′⟩ =

∫ +∞

−∞
p|ψ̃′(p)|2dp

=

∫ +∞

−∞
p|ψ̃(p)|2dp

= ⟨p⟩|ψ⟩ . (8.5)

d) The fact that the uncertainties of the position and momentum of the displaced state are the
same as those in the original state is, again, intuitive (Fig. 3.2). A rigorous proof can be dome
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as follows. For the position:

⟨
∆x2

⟩
|ψ′⟩ =

⟨(
x− ⟨x⟩|ψ′⟩

)2⟩
|ψ′⟩

=

∫ +∞

−∞

(
x− ⟨x⟩|ψ⟩ − x0

)2
|ψ(x− x0)|2dx

x′=x−x0=

∫ +∞

−∞

(
x′ − ⟨x⟩|ψ⟩

)2
|ψ(x′)|2dx′

=

⟨(
x− ⟨x⟩|ψ⟩

)2⟩
|ψ⟩

=
⟨
∆x2

⟩
|ψ⟩ . (8.6)

For the momentum: ⟨
∆p2

⟩
|ψ′⟩ =

⟨(
p− ⟨p⟩|ψ′⟩

)2⟩
|ψ′⟩

=

∫ +∞

−∞

(
p− ⟨p⟩|ψ⟩

)2
|ψ̃′(p)|2dp

=

∫ +∞

−∞

(
p− ⟨p⟩|ψ⟩

)2
|ψ̃(p)|2dp

=
⟨
∆p2

⟩
|ψ⟩ (8.7)

Solution to Exercise 3.22.

eix̂p0/~ |p⟩ =
1

2π~
eix̂p0/~

∫ +∞

−∞
eip̂x/~ |x⟩ dx

=
1

2π~

∫ +∞

−∞
eix̂(p+p0)/~ |x⟩dx

= |p+ p0⟩ .

Other properties are proven similarly to Ex. 3.21.

Solution to Exercise 3.24. We recall that the probability to detect a certain value of momentum
is

pr(p) = ⟨p| ψ⟩ = |ψ̃(p)|2,

where the wavefunction ψ̃(p) in the momentum basis is the Fourier transform of the wavefunction
ψ(x) in the position basis. Because the latter is real, ψ̃(p) = ψ̃(−p) (Ex. C.6) and thus pr(p) =
pr(−p).

The expectation value of the momentum observable is given by

⟨p⟩ =
∫ +∞

−∞
ppr(p)dp = 0

because ppr(p) is an odd function.

Solution to Exercise 3.25.

a) Because the position operator is Hermitian, ⟨x| x̂ = x ⟨x| and thus

⟨x| x̂p̂| ψ⟩ = x̂ ⟨x| p̂| ψ⟩ (3.18)= −i~x d

dx
ψ(x).
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b) Let us denote x̂ |ψ⟩ = |ϕ⟩; then ϕ(x) = ⟨x| x̂| ψ⟩ = xψ(x). Therefore

⟨x| p̂x̂| ψ⟩ = ⟨x| p̂| ϕ⟩ = −i~ d

dx
ϕ(x) = −i~ d

dx
[xψ(x)] = −i~ψ(x)− i~x d

dx
ψ(x).

Note that the above relation can also be found using the technique of “inserting identity”. The
reader can try this independently.

c) Using the two results above, we find

⟨x| [x̂, p̂]| ψ⟩ = ⟨x| x̂p̂| ψ⟩ − ⟨x| p̂x̂| ψ⟩ = i~ψ(x).

Therefore, applying the operator [x̂, p̂] to any |ψ⟩ is equivalent to multiplying this state by i~.
We conclude that [x̂, p̂] = i~1̂.

According to the uncertainty principle, a nonzero commutator between the position and mo-
mentum means that these two quantities can never be determined precisely simultaneously:

⟨
∆x̂2

⟩ ⟨
∆p̂2

⟩
≥ 1

4
~2. (8.8)

Solution to Exercise 3.26. Substituting the uncertainty principle (1.61), we find:

⟨
∆x̂2

⟩ ⟨
∆p̂2

⟩
≥ 1

4

∣∣⟨i~1̂⟩∣∣2 =
1

4
~2. (8.9)

Solution to Exercise 3.27. To find ∆x2 we use the definition (1.53) of the mean square uncertainty,
as well as the fact that ⟨x⟩ = 0 in accordance with Ex. 3.16:

⟨∆x2⟩ =

∫ +∞

−∞
x2pr(x)dx

=
1√
πd

∫ +∞

−∞
x2e−

x2

d2 dx

=
1√
πd

∫ +∞

−∞
x2e−

x2

d2 dx (replace variable: t = x/d)

=
d3√
πd

∫ +∞

−∞
t2e−t

2

dt

(3.50)
=

d2

2
.

Similarly, Eq. (3.39), ⟨∆k2⟩ = 1/2d2 and thus ⟨∆p2⟩ = ~2/2d2. The product of the uncertainties is

⟨∆x2⟩⟨∆p2⟩ = ~2

4
,

which is the minimum allowed by the uncertainty principle.

Solution to Exercise 3.28.

a) The wavefucntion in the momentum representation (for convenience, we use the physically
identical wavevector representation) can be found using the standard conversion formula (3.35).
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The Fourier transformation has to be applied to both xA and xB .

Ψ̃(kA, kb) =
1

2π

∫ +∞

−∞

∫ +∞

−∞
Ψ(xA, xB)e

−ikAxAe−ikBxBdxAdxB

=
1

2π

∫ +∞

−∞

∫ +∞

−∞
δ(xA − xB)e−ikAxA−ikBxBdxAdxB

=
1

2π

∫ +∞

−∞
e−ikAxA−ikBxAdxA

=
1

2π

∫ +∞

−∞
e−i(kA+kB)xAdxA

(C.18)
=

1

2π
2πδ(kA + kB)

= δ(kA + kB).

b) The wavefunction Ψ(xA, xB) = δ(xA − xB) of the system in the position basis implies that
the positions of Alice’s and Bob’s particles must be identical. If Alice detects her particle at
a position x0, Bob’s particle will project onto a state with the same position, i.e. |x0⟩.

c) Similarly, because Ψ̃(kA, kb) = δ(kA + kB), Alice’s detection of wavevector k0 (or momentum
p0 = ~k0) will project Bob’s state onto |−k0⟩ (or |−p0⟩).

Solution to Exercise 3.29. We rewrite the Schrödinger equation

˙|ψ⟩ = − i
~
Ĥ |ψ⟩ = − i

~

[
V (x̂) +

p̂2

2m

]
|ψ⟩

in the position basis using the result of Ex. 3.19:

ψ̇(x, t) =
⟨
x
∣∣∣ ψ̇⟩

= − i
~
⟨x| V (x̂)| ψ⟩ − i

~

⟨
x

∣∣∣∣ p̂22m

∣∣∣∣ ψ⟩
= − i

~
V (x)ψ(x, t)− i

~
−~2

2m

d2ψ

dx2
ψ(x, t).

Solution to Exercise 3.30. In the absence of potential, the Hamiltonian is a function of the
momentum: Ĥ = p̂2/2m. An eigenstate |p⟩ of the momentum is therefore automatically an en-
ergy eigenstate with the eigenvalue E = p2/2m. According to the general solution (1.77) of the
Schrödinger equation, this state evolves as follows:

|p⟩ → e−
i
~Et |p⟩ = e−i

p2

2m~ t |p⟩ .

Assuming that the wavefunction of the momentum eigenstate at the moment t = 0 is given by the
de Broglie wave (3.24), its evolution can be written in the position basis as

ψ|p⟩(x, t) =
1√
2π~

ei
px
~ −i p2

2m~ t.

To find the phase velocity, we rewrite the above as

ψ|p⟩(x, t) =
1√
2π~

eikx−iωt =
1√
2π~

eik(x−
ω
k t),

where k = p/~ is the wavevector and ω = p2/2m~ is the oscillation frequency. Over the time t, the
wave translates by a distance x = (ω/k)t = (p/2m)t, so the phase velocity is vph = ω/k = p/2m.

Solution to Exercise 3.31.
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a) We found the wavefunction in the wavevector representation in Ex. 3.16:

ψ̃(k) =

√
d

π1/4
e−(k−k0)2d2/2.

Since |ψ⟩ =
∫ +∞
−∞ ψ(k) |k⟩dk and each wavevector eigenstate |k⟩ is also an eigenstate of the

Hamiltonian with eigenvalue Ek = ~2k2/2m, we have for the evolution of state |ψ⟩

ψ̃(k, t) =

√
d

π1/4
e−(k−k0)2d2/2e−i~k

2t/2m. (8.10)

b) Defining k = k0 + δk, we rewrite Eq. (8.10) as

ψ̃(k, t) =

√
d

π1/4
e−i

~k2
0t

2m e−i
~k0δkt

m e
−δk2

(
d2

2 −i ~t
2m

)
. (8.11)

Let us now inverse Fourier transform this result back into the position basis. The first ex-
ponential in the equation above is a k-independent phase factor, which is not affected by the
Fourier transform. The last exponential is a Gaussian function, whose (inverse) Fourier trans-
form is also a Gaussian. The second exponential is a linear phase factor, whose effect on the
Fourier transform translates, according to Eq. (C.25), into the shift of the position by ~k0t/m.
Finally, since the whole expression Eq. (8.11) is given in terms of δk = k − k0, we must apply
(C.24), obtaining the factor eik0x. The resulting wavefunction is as follows:

ψ(x, t) =

√
d

π1/4

(
d2 − i~t

m

)−1/2

e−i
~k2

0t

2m eik0xe
−(x− ~k0δkt

m )
2
/
2(d2−i ~t

m ) , (8.12)

c) Expression (8.12) represents a Gaussian wavepacket centered at ⟨x⟩ = (p0/m)t according to
Ex. 3.16. The finding of the position uncertainty proceeds similarly to Ex. 3.27, but we have
to take into account the complexity of the Gaussian exponent in Eq. (8.12). We find

prx = ψ∗(x, t)ψ(x, t) =
d√
π

(
d4 +

~2t2

m2

)−1/2

e
−d2(x− ~k0δkt

m )
2
/
2
(
d4+ ~2t2

m2

)
(8.13)

Using the integral (3.50) we find

⟨∆x2⟩ =
∫ +∞

−∞
(x− ⟨x⟩)prxdx =

d2

2

(
1 +

~2t2

m2d4

)
. (8.14)

Solution to Exercise 3.32.

a) According to Eq. (8.14), the width of the Gaussian wavepacket behaves for large t according
to √

⟨∆x2⟩ ∼ ~
md

t. (8.15)

The condition that p0 greatly exceeds the momentum uncertainty of the initial wavepacket
means, in accordance with Ex. 3.27, that p0 ≫ ~/d. This means that the traveled distance,
p0t/m, is much greater than ~t/md, i.e. it is much greater than

√
⟨∆x2⟩ in accordance with

Eq. (8.15).

b) We rewrite Eq. (8.15) as t ∼
√
⟨∆x2⟩md/~. Substituting

√
⟨∆x2⟩ = 10−3 m, d = 10−10 m

and m ≈ 10−30 kg we find t ≈ 1 ns.
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Solution to Exercise 3.33. In accordance with Eq. (3.55), we have

vgr =
dω

dk
=

~k
m
.

For all de Broglie waves constituting a wavepacket with a mean momentum p0 and a small momentum
uncertainty, we have k ≈ p0/~ and hence vgr = p0/m. This result is identical to the classical one.

Solution to Exercise 3.34. The time derivative of the operator’s expectation value can be found
using the rule for the derivative of a product:

d

dx
⟨A⟩ = d

dx

⟨
ψ
∣∣∣ Â∣∣∣ ψ⟩ =

⟨
ψ̇
∣∣∣ Â∣∣∣ ψ⟩+

⟨
ψ
∣∣∣ A∣∣∣ ψ̇⟩ . (8.16)

The time derivative of the state |ψ⟩ is determined from the Schrödinger equation: ˙|ψ⟩ = (−i/~)Ĥ |ψ⟩.
Because the Hamiltonian is a Hermitian operator, we also have ˙⟨ψ| = (i/~) ⟨ψ| Ĥ. Substituting these
relations into Eq. (8.16), we find

⟨Ȧ⟩ = i

~

⟨
ψ
∣∣∣ ĤÂ∣∣∣ ψ⟩− i

~

⟨
ψ
∣∣∣ ÂĤ∣∣∣ ψ⟩ =

i

~

⟨
ψ
∣∣∣ [Ĥ, Â]∣∣∣ ψ⟩ .

Solution to Exercise 3.35.

a) According to the previous result, ⟨x⟩ = (i/~)⟨[Ĥ, x̂]⟩, so we need to find the commutator
between the Hamiltonian Ĥ = p̂2/2m + V (x̂) and the position operator x̂. The potential
energy is a function of the position and thus commutes with it. To find the commutator
between the kinetic energy and the position, we use Eq. (1.52):[

p̂2

2m
, x̂

]
=

1

2m

(
p̂[p̂, x̂] + [p̂, x̂]p̂

) Ex. 3.48
= −i p̂~

m

and thus ⟨x⟩ = ⟨p⟩/m

b) Here we need to find the commutator between the Hamiltonian and the momentum operator;
the only non-commuting term in the Hamiltonian is the potential energy V (x̂). We accomplish
our task by analyzing the action of the commutator [V (x̂), p̂] on an arbitrary state |ψ⟩ in the
position basis. We set |ϕ⟩ = V (x̂) |ψ⟩ and write

⟨x| [V (x̂), p̂]| ψ⟩ = ⟨x| V (x̂)p̂| ψ⟩ − ⟨x| p̂V (x̂)| ψ⟩
= V (x) ⟨x| p̂| ψ⟩ − ⟨x| p̂| ϕ⟩ [because |x⟩ is an eigenstate of V (x̂)]

= V (x)(−i~) d

dx
ψ(x)− (−i~) d

dx
[V (x)ψ(x)]

= V (x)(−i~) d

dx
ψ(x) + i~

d

dx
[V (x)]ψ(x) + i~V (x)

d

dx
ψ(x)

= i~ψ(x)
d

dx
V (x).

Consequently,

⟨ṗ⟩ =
i

~
⟨ψ| [V (x̂), p̂]| ψ⟩

=
i

~

∫ +∞

−∞
⟨ψ| x⟩ ⟨x| [V (x̂), p̂]| ψ⟩

= −
∫ +∞

−∞
ψ∗(x)ψ(x)

d

dx
V (x)dx.

The latter expression can be formally written as

⟨ṗ⟩ = −

⟨
ψ

∣∣∣∣∣ dV̂dx
∣∣∣∣∣ ψ
⟩
.
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Solution to Exercise 3.42. We can rewrite the time-independent Schrödinger equation (3.64) as

~2

2m

d2

dx2
ψ(x) = (V0 − E)ψ(x),

which can be simplified to
d2

dx2
ψ(x) = κ2ψ(x),

where κ =
√
2m(V0 − E)/~ does not depend on x. This second-order differential equation has two

linearly-independent solutions:
ψ(x) = Ae±κx. (8.17)

Note that κ is real only if E < V0, i.e. the total energy is below the potential energy level. Otherwise,
κ becomes imaginary and the solution (8.17) takes the form of the de Broglie wave:

ψ(x) = Ae±ikx, (8.18)

where k = iκ =
√
2m(E − V0)/~ is a real wavevector.

Solution to Exercise 3.43. Let us rewrite the time-independent Schrödinger equation (3.64) as
follows:

− ~2

2m

d2

dx2
ψ(x) = [E − V (x)]ψ(x).

If both V (x) and ψ(x) are finite for all x, so is the right-hand side of the above equation. This
means that d2ψ(x)/dx2 is finite for all x as well. This implies in turn that the first derivative of
the wavefunction is continuous for all x, because otherwise d2ψ(x)/dx2 would be singular at some
points. Because dψ(x)/dx is continuous, it must be finite for all x. Therefore, ψ(x) must be finite
for all x as well.

Solution to Exercise 3.44.

a) Because the Hamiltonian Ĥ is a Hermitian operator, its eigenstates form an orthonormal basis.
Our goal is to prove that such a basis can be composed of states with real wavefunctions.

Suppose this is not the case, i.e. there exists a Hamiltonian eigenstate |ψ⟩ with eigenvalue
E which cannot be expressed as a linear combination of eigenstates with real wavefunctions.
Consider the state |ψ∗⟩ described by the wavefunction ψ∗(x), where ψ(x) is the wavefunction
of the state |ψ⟩. If ψ(x) is an eigenwavefunction of the Hamiltonian (i.e. satisfies the time-
independent Schrödinger equation), so must ψ∗(x); therefore, |ψ∗⟩ must also be an eigenstate
of the Hamiltonian with the same eigenvalue. Now consider the following states:

|ψ1⟩ = |ψ⟩+ |ψ∗⟩ ;
|ψ2⟩ = [|ψ⟩ − |ψ∗⟩]/i.

According to properties of complex numbers, the wavefunctions of these states are real. Be-
cause |ψ1⟩ and |ψ2⟩ are linear combinations of |ψ⟩ and |ψ∗⟩, they are also eigenstates of Ĥ
with eigenvalue E. Furthermore, the state |ψ⟩ can be expressed as a linear combination

|ψ⟩ = 1

2
(|ψ1⟩+ i |ψ2⟩)

of energy eigenstates with real eigenvalues. We have arrived at a contradiction.

b) By the same logic, consider an energy eigenstate |ψ⟩ with eigenvalue E and wavefunction ψ(x).
If ψ(x) satisfies the time-independent Schrödinger equation, the wavefunction ψ(−x) does, too,
so the state |ψ−⟩ with this wavefunction is also an eigenstate of the Hamiltonian. We now
construct an energy eigenstate with an even wavefunction,

|ψ1⟩ = |ψ⟩+
∣∣ψ−⟩ ,
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and one with an odd wavefunction,

|ψ2⟩ = |ψ⟩ −
∣∣ψ−⟩ .

The state |ψ⟩ can then be expressed as a linear combination of |ψ1⟩ and |ψ2⟩:

|ψ⟩ = 1

2
(|ψ1⟩+ |ψ2⟩).

Solution to Exercise 3.45. As discussed in Ex. 3.42, energies E below a constant potential level
V0 are associated with eigenwavefunctions ψ(x) = Ae±κx, with κ =

√
2m(V0 − E)/~. Because of

the normalization condition, the wavefunctions cannot have components that exponentially grow at
infinity, and thus we must have

ψ(x)→
{
Ae−κx at x→ +∞
A′eκx at x→ −∞

In other words, ψ(x)→ 0 for |x| → ±∞, so we have a bound state.
Conversely, if the energy exceeds the potential at infinity, the eigenwavefunctions tend to ψ(x)→

Aeikx + A′e−ikx, with k =
√

2m(E − V0)/~. If at least one of the factors A or A′ does not vanish,
the state is not bound.

Solution to Exercise 3.46. Because the potential is an even function of x, it suffices to look for
even and odd solutions of the time-independent Schrödinger equation. Let us consider these two
cases separately.

A general odd solution is of the form

ψ(x) =

 −Be
κx, x < −a/2

A sin kx, −a/2 ≤ x ≤ a/2
Be−κx, x > a/2

(8.19)

with

k =

√
2mE

~
, (8.20)

κ =

√
2m(V0 − E)

~
. (8.21)

Because the potential is finite, both the wavefunction ψ(x) and its derivative ψ′(x) must be contin-
uous. Writing these conditions for the boundary of the box x = a/2, we find1

A sin kx
∣∣
x=a/2

= Be−κx|x=a/2;

Ak cos kx
∣∣
x=a/2

= −κBe−κx|x=a/2

or

A sin
ka

2
= Be−κa/2; (8.22)

Ak cos
ka

2
= −κBe−κa/2. (8.23)

These equations result in restrictions on energy values at which the time-independent Schrödinger
equation has a solution. To see this, let us divide Eqs. (8.22) and (8.23) by each other. We obtain

cot
ka

2
= −κ

k
. (8.24)

1The continuity condition for x = −a/2 yields the same set of equations.
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This equation relates k and κ. Another relation between these quantities is due to Eq. (8.20), which
can be incorporated into our calculations as follows. Let us denote ka/2 = θ and κa/2 = θ1. From
Eq. (8.20) we then have

θ2 + θ21 = θ20,

where

θ0 =

√
2mV0
~

a

2
. (8.25)

Equation (8.24) now takes the form

cot θ = −θ1
θ

(8.26)

or

− cot θ =

√
θ20
θ2
− 1. (8.27)

This equation contains only one unknown variable, θ, which is related to the evergy eigenvalue.
Unfortunately, this equation is transcendental and cannot be solved in elementary functions.

A generic even solution is given by

ψ(x) =

 Beκx, x < −a/2
A cos kx, −a/2 ≤ x ≤ a/2
Be−κx, x > a/2

(8.28)

Proceeding in a fashion similar to the odd case, we find the continuity conditions for the boundary
of the well

A cos
ka

2
= Be−κa/2; (8.29)

−Ak sin ka
2

= −κBe−κa/2, (8.30)

and the transcendental equation for θ

tan θ =

√
θ20
θ2
− 1. (8.31)

Figure 8.1: Graphic solution to transcendental equations (8.27) and (8.31) for θ0 = 5.

Solution to Exercise 3.47. When V0 is infinite, so is the right-hand side of Eqs. (8.27) and
(8.31). The tangent in the left-hand side of Eq. (8.31) takes on a positive infinite value when
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θ = (2j + 1)π/2, and the cotangent in (8.27) when θ = πj, where j is an arbitrary natural number.
The general solution in the limit V0 → ∞ can then be written as θ = nπ/2, with n being an
arbitrary natural number: an even n = 2j produces an odd solution, and an odd n = 2j+1 an even
solution. Substituting θ = ka/2, we find wavevector values kn = nπ/a, which correspond to energy
eigenvalues

En =
~2k2

2m
=

~2π2n2

2ma2
.

We notice that the oscillating parts of the wavefunctions, inside the box,

ψn(x) =


√

2
a sin

(
nπx
a

)
, even n√

2
a cos

(
nπx
a

)
, odd n.

; (8.32)

vanish at x = ±a/2. This implies according to Eqs. (8.22) and (8.29) that B = 0 for both odd and
even cases, and that the wavefunction vanishes outside the box.

We can now find the normalization constant A. To this end, we integrate the square absolute
value of the wavefunction over the real axis. We find, for both even and odd solutions,

∫ +∞

−∞
|ψ(x)|2dx =

a/2∫
−a/2

|ψ(x)|2dx = |A|2 a
2
,

so the norm is A =
√

2/a.

Solution to Exercise 3.53. Since V0a =W0 we can rewrite Eq. (8.25) as

θ0 =

√
2mW0

~

√
a

2
. (8.33)

Because a tends to zero and W0 is a constant, θ0 also tends to zero. The bold curve in Fig. 8.1
shrinks to a vertical line just next to the ordinates axis. Therefore we have only one, even, energy
eigenstate, and we rewrite Eq. (8.31) using the fact that tan θ ≈ θ for small θ:

θ =

√
θ20
θ2
− 1. (8.34)

or

θ4 + θ2 − θ20 = 0. (8.35)

Therefore

θ2 =
−1±

√
1 + 4θ20
2

.

Because θ0 is small, we approximate to the second order (the reason why we need this will become
clear shortly)

√
1 + 4θ20 ≈ 1 + 2θ20 − 2θ40. Then the two roots of Eq. (8.35) can be rewritten as

θ2 ≈
[
θ20 − θ40
−1− θ20 + θ40

. (8.36)

Because we are looking for a bound solution, we expect θ to be real, so we choose the first root,
θ ≈ θ0. Since θ0 =

√
2mV0a/2~ and θ =

√
2mEa/2~, we see that

E =
2~2

ma2
θ2 = V0 −

ma2V 2
0

2~2
= V0 −

mW 2
0

2~2
. (8.37)

It is now clear why we needed the second order Taylor expansion. The energy level of the bound state
is (almost) at the top of the well. The coefficient κ determining the behavior of the wavefunction
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outside the well is given by Eq. (8.21). Had we kept only the first order, we would obtain E ≈ V0,
and no information about κ. Now we can however calculate

κ =

√
2m(V0 − E)

~
=
W0m

~
. (8.38)

As we see, this coefficient is independent of a in the limit a→ 0 as long as V0a is kept constant.
Let us now find the normalization coefficient. In the limit a → 0, we need to only take into

account the part of the wavefunction that is localized outside the well when calculating the norm.
Using Eq. (8.28), we have ∫ +∞

−∞
|ψ(x)2| = 2B2

∞∫
0

e−2κxdx = B2, (8.39)

so B =
√
κ.

Solution to Exercise 3.53.

a) Because the potential is an even function of x, we can restrict to even and odd wavefunctions.
At x ̸= 0, the potential is zero. The energy of a bound state must then be negative, so a
generic odd solution must be of the form

ψ(x) =

{
−Beκx, x < 0
Be−κx, x > 0

(8.40)

with κ =
√
2m(−E)/~. Unless B = 0 (i.e. ψ(x) ≡ 0), the odd wavefunction has a discontinuity

at x = 0, i.e. unphysical.

The even solution is given by

ψ(x) =

{
Beκx, x < 0
Be−κx, x > 0

It is continuous at all x, but its derivative has a discontinuity:

∆ψ′(x)
∣∣
x=0

= −2Bκ.

This is not a problem, because the potential has a discontinuity at x = 0.

The solution (8.40) is valid for an arbitrary κ at all values of x except x = 0. In order to
find out for which values of κ the time-independent Schrödinger equation (3.74) is satisfied at
x = 0, let us integrate this equation over an infinitesimal interval around this point:

−
+0∫

−0

~2

2m

d2

dx2
ψ(x) =

+0∫
−0

[E − V (x)]ψ(x). (8.41)

Using the Newton-Leibniz axiom as well as Eq. (C.5), we find

− ~2

2m

(
dψ(x)

dx

∣∣
x=+0

− dψ(x)

dx

∣∣
x=−0

)
=W0ψ(0). (8.42)

Given that, according to Eq. (8.40),

ψ(0) = B; (8.43)

dψ(x)

dx

∣∣
x=+0

= −Bκ; (8.44)

dψ(x)

dx

∣∣
x=−0

= Bκ, (8.45)
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we find from Eq. (8.42) that κ =W0m/~2 and thus

E =
W 2

0m

2~2
.

The normalization factor B =
√
κ is found from the condition

∫ +∞
−∞ |ψ(x)|

2dx = 1.

Solution to Exercise 3.54. The particle is initially prepared in the bound state of the original
potential (see Ex. 3.53):

ψ0(x) =
√
κ0

{
eκ0x, x < 0
e−κ0x, x > 0

with κ0 = V0m/~2. After the sudden change of the potential, the bound state is given by another
wavefunction,

ψ1(x) =
√
κ1

{
eκ1x, x < 0
e−κ1x, x > 0

with κ1 = 2V0m/~2. The probability that the particle will remain in the bound state of the new
potential is given, according to the Second Postulate, by the inner product

pr = |⟨ψ0| ψ1⟩|2

=

∣∣∣∣∫ +∞

−∞
ψ∗
0(x)ψ1(x)dx

∣∣∣∣2

= κ0κ1

∣∣∣∣∣∣2
+∞∫
0

e−κ0xe−κ1xdx

∣∣∣∣∣∣
2

= κ0κ1

∣∣∣∣ 2

κ0 + κ1

∣∣∣∣2
=

8

9
.

Solution to Exercise 3.59. The general solution associated with energy eigenvalue E is

ψbar(E, x) =

{
Aeik0x +Be−ik0x, x < 0
Ceik1x +De−ik1x, x ≥ 0

, (8.46)

where k0 =
√
2mE/~, k1 =

√
2m(E − V0)/~. The four amplitudes A, B, C, D must be chosen so

that the wavefunction and its derivative are continuous at the barrier, i.e.

A+B = C +D;

ik0(A−B) = ik1(C −D);

One of the parameters provides normalization and can be set to an arbitrary value. This leaves us
with three parameters and two equations; therefore, for each energy value, there are two linearly
independent solution sets. They can be chosen to correspond to the following physical situations:
(1) an initial de Broglie wave approaching from the left

B = A
k0 − k1
k0 + k1

; C = A
2k0

k0 + k1
; D = 0, (8.47)

and (2) an initial de Broglie wave approaching from the right (A = 0)

A = 0; B = D
2k1

k0 + k1
; C = D

k1 − k0
k0 + k1

. (8.48)
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Of course, any linear combination of these solutions is also a solution.

Solution to Exercise 3.62. The initial wavepacket can be written in the wavevector basis as (3.39)

|ψ(0)⟩ =
(
d2

π

)1/4 ∫ +∞

−∞
e−iκae−κ

2d2/2 |k0 + κ⟩ dκ, (8.49)

where κ is small compared to k0 and k1 (due do the second and fourth assumptions above). To
simplify the calculation, we replace the momentum eigenstate |k⟩ in the above equation by an energy
eigenstate |ψbar(κ)⟩ (8.46), which we write in the form

⟨x| ψbar(κ)⟩ = Aei(k0+κ)xθ(−x) +Be−i(k0+κ)xθ(−x) + Ce
i
√

(k0+κ)2− 2mV0
~2 x

θ(x). (8.50)

In Eq. (8.50) A-wave, with A = 1/
√
2π, is identical to |k0 + κ⟩, while the B- and C- waves are

orthogonal to it. As we shall see below, B- and C-terms do not modify the initial state, but emerge,
as separate wavepackets, only after the initial packet reaches the barrier. The amplitude factors
B and C are given by Eq. (3.79a). We can neglect the variation of the amplitudes B and C as
a function of the small κ. Furthermore, using k21 = k20 − 2mV0/~2 and neglecting terms that are
quadratic with respect to κ, and we can replace in Eq. (8.50)√

(k0 + κ)2 − 2mV0
~2

=

√
k20 + 2k0κ−

2mV0
~2

= k1

√
1 + 2k0κ/k21 = k1 + κ

k0
k1
.

Knowing that the state |ψbar(κ)⟩ is an eigenstate of the Hamiltonian with energy Eκ = ~2(k0 +
κ)2/2m ≈ (~2/2m)(k20 + 2k0κ), we write the evolution of the state ψ, again neglecting quadratic
terms:

|ψ(t)⟩ =
(
d2

π

)1/4

e−i~k
2
0t/2m

∫ +∞

−∞
e−iκ(a+

~k0
m t)e−κ

2d2/2 |ψbar(κ)⟩ dκ. (8.51)

The overall phase factor e−i~k
2
0t/2m can be neglected.

We shall now calculate the integral (8.51) for each wave in Eq. (8.50) separately.
A-wave. Applying standard Fourier transform rules (C.12), we obtain

ψA(x, t) = Aθ(−x)eik0x
(
d2

π

)1/4 ∫ +∞

−∞
e−iκ(a+

~k0
m t)e−κ

2d2/2eiκxdκ

= Aθ(−x)eik0x
(
d2

π

)1/4 √
2π

d
e−

(x−a− ~k0
m

t)
2

2d2 .

This is a Gaussian wavepaket centered at the point x = a + ~k0
m t and propagating with the speed

~k0/m in the positive direction. When the wavepacket reaches the barrier (i.e. at tbar =
−am
~k0 ), it

disappears due to the factor θ(−x). Before this happens, the total probability associated with this

wavepacket is prA =
∫ +∞
−∞ |ψA(x, t)|

2dx = 2πA2 = 1.
B-wave is treated similarly, except that the integral is the inverse Fourier transform. We obtain

ψB(x, t) = Bθ(−x)e−ik0x
(
d2

π

)1/4 √
2π

d
e−

(x+a+
~k0
m

t)
2

2d2 .

This wavepaket is a mirror image of the previous one. At t = 0, it is located at x = −a but is
“invisible” due to the factor θ(−x). It propagates in the negative direction. Once it reaches the
barrier (simultaneously with the A-packet), it becomes “visible”. This wavepacket is associated with
the reflection of the particle from the barrier. The total probability associated with this wavepacket
is prB = 2πB2.

C-wave.

ψC(x, t) = Cθ(x)eik1x
(
d2

π

)1/4 ∫ +∞

−∞
e−iκ(a+

~k0
m t)e−κ

2d2/2eiκ
k0
k1
xdκ
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= Cθ(x)eik1x
(
d2

π

)1/4 √
2π

d
e−

( k0
k1

x−a− ~k0
m

t)
2

2d2 .

This packet is narrower than the other two by a factor k0/k1. It begins to exist at t = tbar
and propagates in the positive direction at a speed ~k1/m. This wavepacket is associated with
the particle transmitted through the barrier and has the probability prC = 2πC2k1/k0. A direct
calculation shows that prB + prC = 1.

Solution to Exercise 3.63. Proceeding similarly to Ex. 3.59 we find that the solution is a linear
combination of six wavefunctions as shown in Fig. 3.7 and is thus a function of six parameters.
For each of the two interfaces, there are two continuity conditions (for the wavefunction and its
derivative):

A+B = C +D;

ik0(A−B) = k1(C −D);

Cek1L +De−k1L = E + F ;

k1(Ce
k1L −De−k1L) = ik0(E − F ),

where k0 =
√
2mE/~, k1 =

√
2m(V0 − E)/~. Again, each energy value is twice degenerate: the

linearly independent solutions correspond to the matter waves approaching from the left (F = 0)
and from the right (A = 0). We are interested in the first option and solve the above equations
assuming an arbitrary E and working our way to the left. We then find the relation between the
incident, transmitted and reflected amplitudes:

A = E

[
cosh k1L+

i

2

(
k1
k0
− k0
k1

)
sinh(k1L)

]
; (8.52)

B = E

[
− i
2

(
k1
k0

+
k0
k1

)
sinh(k1L)

]
. (8.53)

The transmission and reflection coefficients are then given by Eqs. (3.81).

Solution to Exercise 3.67. We rescale the position and momentum operators according to X̂ =
Ax̂, P̂ = Bp̂. We then have, for the counterpart classical observables, P/X = (B/A)(p/x). Because
pmax/xmax = mω, we find Pmax/Xmax = (B/A)mω. The requirement that Pmax = Xmax implies
that

A

B
= mω.

On the other hand, the commutator of the rescaled observables satisfies [X̂, P̂ ] = AB[x̂, p̂] = i~AB.
Since we need this commutator to equal i, we obtain the second equation:

AB =
1

~
.

Solving these two equations for A and B, we find the desired result.

Solution to Exercise 3.68. Since ~ has the same dimension as the product of the position and
momentum, i.e. kg·m2/s, the dimension of

√
mω/~ is m−1 (i.e. the same as x−1) and that of

√
mω~

is kg·m/s (i.e. the same as p).

Solution to Exercise 3.69. As discussed in Sec. 3.2, rescaling a continuous variable affects the
normalization of its eigenstate: if X̂ = x̂

√
mω/~, then |X⟩ = (~/mω)1/4 |x⟩. Similarly, the renor-

malized eigenstatewe of the rescaled momentum P̂ = p̂/
√
m~ω is |P ⟩ = (m~ω)1/4 |p⟩. Now for the

de Broglie wave we have

⟨X| P ⟩ =

(
~
mω

)1/4

(m~ω)1/4 ⟨x| p⟩ =
√
~

1√
2π~

eixp/~ =
1√
2π
eiXP .
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Using this result, we argue similarly to Ex. 3.13 to obtain the conversion expressions for wavefunc-
tions in the rescaled observable basis:

ψ(X) =
1√
2π

∫ +∞

−∞
ψ̃(P )eiPXdP ;

ψ̃(P ) =
1√
2π

∫ +∞

−∞
ψ(X)e−iPXdX.

Solution to Exercise 3.70. Using the relations found in Ex. 3.69, we find

⟨
X
∣∣∣ P̂ ∣∣∣ ψ⟩ =

(
~
mω

)1/4
1√
m~ω

⟨x| p̂| ψ⟩

(3.41)
=

(
~
mω

)1/4
1√
m~ω

(−i~) d

dx
⟨x| ψ⟩

=
1√
m~ω

(−i~) d

dx
⟨X| ψ⟩

=
1√
m~ω

(−i~)
√
mω

~
d

dX
⟨X| ψ⟩

= −i d

dX
⟨X| ψ⟩ .

The expression for the position operator in the momentum basis is obtained similarly.

Solution to Exercise 3.71.

H =
p̂2

2m
+
mω2x̂2

2
= mω~

P̂ 2

2m
+

~
mω

mω2X̂2

2
=

1

2
~ω
(
X̂2 + P̂ 2

)
. (8.54)

Solution to Exercise 3.72.

a) Because the position and momentum operators are Hermitian, X̂† = X̂ and (iP̂ )† = −iP̂ .
Therefore, â† = (X̂ + iP̂ )†/

√
2 = (X̂ − iP̂ )/

√
2.

b)

[â, â†] =
1

2
[X̂ + iP̂ , X̂ − iP̂ ] = 1

2

(
[X̂, X̂]− i[X̂, P̂ ] + i[P̂ , X̂] + [P̂ , P̂ ]

)
= 1.

c) The position and momentum operators are expressed through â and â† by solving Eqs. (3.86)
and (3.87).

d)

Ĥ =
1

2
~ω(X̂2 + P̂ 2)

=
1

4
~ω
[
(â+ â†)2 +

1

i2
(â− â†)2

]
=

1

4
~ω
[
(â2 + (â†)2 + ââ† + â†â) +

1

i2
(â2 + (â†)2 − ââ† − â†â)

]
=

1

4
~ω[2ââ† + 2â†â]

(3.88)
=

1

4
~ω[2â†â+ 2 + 2â†â]

= ~ω
[
â†â+

1

2

]
.
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e)

[â, â†â]
(1.52)
= â†[â, â] + [â, â†]â = â;

[â†, â†â]
(1.52)
= â†[â†, â] + [â†, â†]â = −â†.

Solution to Exercise 3.73.

a) In order to verify if the state â |n⟩ is an eigenstate of the photon number operator â†â, let us
subject this state to the action of this operator and employ the result (3.91), rewritten in the
form â†ââ = ââ†â− â:

â†ââ |n⟩ = (ââ†â− â) |n⟩ = (ân− â) |n⟩ = (n− 1)â |n⟩ ,

as was required.

b) Similarly, from Eq. (3.91) we find â†ââ† = â†â†â+ â† and thus

â†ââ† |n⟩ = (â†â†â+ â†) |n⟩ = (â†n+ â†) |n⟩ = (n+ 1)â† |n⟩ .

Solution to Exercise 3.74.

a) Let |ψ⟩ = â |n⟩. From the previous exercise, we know that |ψ⟩ is an eigenstate of â†â with
eigenvalue n − 1, i.e. |ψ⟩ = A |n− 1⟩, where A is some constant. We need to find A. To this
end, we notice that ⟨ψ| = ⟨n| â† and calculate

⟨ψ| ψ⟩ =
⟨
n
∣∣ â†â∣∣ n⟩ = n.

But on the other hand,
⟨ψ| ψ⟩ = |A|2 ⟨n− 1| n− 1⟩ = |A|2,

where in the last equality we have used the fact that the eigenstates of the number operator
are normalized. From the last two equations, we find |A| =

√
n.

The phase of A is arbitrary. By convention, it is chosen equal to zero, so A is real and positive:
A =

√
n.

b) Similarly, if |ϕ⟩ = â† |n⟩ = B |n+ 1⟩, then, on one hand,

⟨ϕ| ϕ⟩ =
⟨
n
∣∣ ââ†∣∣ n⟩ = ⟨n∣∣ â†â+ 1

∣∣ n⟩ = n+ 1,

and on the other hand
⟨ϕ| ϕ⟩ = |B|2 ⟨n+ 1| n+ 1⟩ = |B|2.

Therefore (invoking a similar convention), B =
√
n+ 1.

Solution to Exercise 3.75.

|n⟩ (3.93b)=
â†√
n
|n− 1⟩ = â†√

n

â†√
n− 1

|n− 2⟩ = . . . =

(
â†
)n

√
n!
|0⟩ .

Solution to Exercise 3.76. The vacuum state obeys the equation â |0⟩ = 0, or

(X̂ + iP̂ ) |0⟩ = 0. (8.55)

In order to find the wavefunction in the position basis, we use Eq. (3.84) to write the momentum
operator in this basis. Equation (8.55) then becomes(

X +
d

dX

)
ψ(X) = 0.
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This is a first order ordinary differential equation whose solution is

ψ(x) = Ae−X
2/2,

where A is the normalization constant, calculated in the usual manner:

⟨ψ| ψ⟩ =
∫ +∞

−∞
|ψ(X)|2dx = |A|2

∫ +∞

−∞
e−X

2

dx = |A|2
√
π.

Requiring the norm of |ψ⟩ to equal 1, we find A = π−1/4.
The wavefunction in the momentum basis is calculated similarly.

Solution to Exercise 3.77.

a) The single-photon Fock state is obtained from the vacuum state by applying a single creation
operator. Using Eq. (3.84), we express the creation operator in the position basis as

â† =
1√
2
(X̂ − iP̂ )↔ 1√

2

(
X − d

dX

)
and thus the wavefunction of the state |1⟩ = â† |0⟩ is

ψ1(X) =
1√

2π1/4

(
X − d

dX

)
e−X

2/2 =

√
2

π1/4
Xe−X

2/2.

The two-photon Fock state is obtained by applying the creation operator to the single-photon
state:

|2⟩ (3.93b)=
â†√
2
|1⟩ .

In the position basis,

ψ2(X) =
1

2

(
X − d

dX

)
ψ1(x) =

1√
2π1/4

(
X − d

dX

)
Xe−X

2/2 =
1√

2π1/4
(2X2 − 1)e−X

2/2.

b) We now show by induction that Eq. (3.97) describes the wavefunction of the Fock state |n⟩.
First, from the definition of the Hermite polynomial,

Hn(X) = (−1)neX
2 dn

dXn
e−X

2

,

we find that H0(X) = 1 and thus the wavefunction of the vacuum state obtained from

Eq. (3.97) is ψ0(X) = π−1/4e−X
2/2, which is consistent with Eq. (3.96). Second, assum-

ing that if Eq. (3.97) is valid for a specific Fock state |n⟩, we need to prove it to be also
valid for the next Fock state |n+ 1⟩ = â† |n⟩ /

√
n+ 1. We apply the creation operator in the

position basis:

|n+ 1⟩ =
â†√
n+ 1

|n⟩

↔ X − d/dX√
2
√
n+ 1

Hn(X)

π1/4
√
2nn!

e−X
2/2

=
1

π1/4
√
2n+1(n+ 1)!

[
XHn(X)e−X

2/2 − dHn(X)

dX
e−X

2/2 −Hn(X)
de−X

2/2

dX

]

=
1

π1/4
√
2n+1(n+ 1)!

[(
2XHn(X)− dHn(X)

dX

)
e−X

2/2

]
=

1

π1/4
√
2n+1(n+ 1)!

Hn+1(X)e−X
2/2,
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which, according to Eq. (3.96), is the wavefunction of the state |n+ 1⟩. In the final step
in the above transformation, we have applied the known recursion relation for the Hermite
polynomials,

Hn+1(X) = 2XHn(X)− dHn(X)

dX
Hn(X).

Solution to Exercise 3.78. For an arbitrary Fock state |n⟩, we have⟨
n
∣∣∣ X̂∣∣∣ n⟩ =

1√
2

⟨
n
∣∣ (â+ â†)

∣∣ n⟩
=

1√
2
⟨n|
(√
n |n− 1⟩+

√
n+ 1 |n+ 1⟩

)
= 0. (8.56)

Similarly, ⟨
n
∣∣∣ P̂ ∣∣∣ n⟩ = 0.

For the uncertainties, we have⟨
∆X2

⟩
=

⟨
n
∣∣∣ X̂2

∣∣∣ n⟩
=

1

2

⟨
n
∣∣ (ââ+ ââ† + â†â+ â†â†)

∣∣ n⟩
=

1

2
⟨n|
[√

n(n− 1) |n− 2⟩+
√
n+ 1

2 |n⟩+
√
n
2 |n⟩+

√
(n+ 1(n+ 2) |n+ 2⟩

]
=

1

2
(2n+ 1). (8.57)

The same answer holds for the momentum uncertainty:⟨
∆P 2

⟩
=

1

2
(2n+ 1).

Solution to Exercise 3.79. Both |0⟩ and |1⟩ are energy eigenstates with the eigenvalues being,
respectively, ~ω/2 and 3~ω/2. The evolution of the superposition of these states is then given by

|ψ(t)⟩ = e−iωt/2 |0⟩+ e−3iωt/2 |1⟩ .

The expectation value of the position observable is then given by

⟨X⟩ (3.89)=
1√
2
⟨ψ(t)|

(
â+ â†

)
|ψ(t)⟩ = 1√

2

(
⟨0|+ eiωt ⟨1|

)(
â+ â†

)(
|0⟩+ e−iωt |1⟩

)
.

The only nonvanishing matrix elements in the expression above are ⟨0| â| 1⟩ =
⟨
1
∣∣ â†∣∣ 0⟩ = 1. We

then conclude that

⟨X⟩ = 1√
2

(
eiωt + e−iωt

)
=
√
2 cosωt.

Similarly, for the momentum observable we find

⟨X⟩ = 1√
2i

(
⟨0|+ eiωt ⟨1|

)(
â− â†

)(
|0⟩+ e−iωt |1⟩

)
=

1√
2i

(
− eiωt + e−iωt

)
= −
√
2 sinωt.

The trajectory in the phase space is a clockwise circle with the center in the origin and a radius of√
2.

Solution to Exercise 3.80. We will perform the calculation in the position basis. Acting similarly
to Ex. 3.76, we rewrite Eq. (3.99) as

1√
2

(
X +

d

dX

)
ψ(X) = (Reα+ iImα)ψ(X).
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Substituting Eq. (3.100), we find

1√
2

(
X +

d

dX

)
ψα(X) =

1√
2π1/4

ei
PαXα

2

(
X +

d

dX

)
eiPαXe−

(X−Xα)2

2

=
1√

2π1/4
ei

PαXα
2 [X + iPα − (X −Xα)] e

iPαXe−
(X−Xα)2

2

=
1√
2
(Xα + iPα)ψα(X), (8.58)

so Eq. (3.99) holds provided that Xα =
√
2Reα and Pα =

√
2Imα.

The wavefunction (3.101) in the momentum basis is obtained from that in the position basis by
means of Fourier transform, similarly to Ex. 3.16.

Solution to Exercise 3.81. The right-hand side of Eq. (3.103) consists of sequential application
of the position and momentum displacement operators, as well as an overall phase factor, to the
vacuum state Let us first just apply the position displacement:

|ψ′⟩ = e−iXαP̂ |0⟩ .

Working in the position basis, we obtain the wavefunction

ψ′(x) = ψ0(X −Xα)
(3.96)
=

1

π1/4
e−(X−Xα)2/2.

Now if we apply the momentum displacement,

|ψ′′⟩ = eiPαX̂ |ψ′⟩ ,

we have

ψ′′(x) =
1

π1/4
eiPαXe−(X−Xα)2/2.

Upon multiplying by the phase factor e−iPαXα/2, we obtain the wavefunction that is identical to
that of the coherent state (3.100).

The proof of the second equality in Eq. (3.103) is left for the reader as an independent exercise.

Solution to Exercise 3.82. The right-hand side of Eq. (3.103) consists of sequential applications
of the position displacement by Xα and momentum displacement by Pα. As we know from Ex. 3.21
and 3.22, each of these operators adds the displacement value to the mean value of the position or
momentum, respectively, while leaving the expectation value of the other canonical observable as
well as the uncertainties of both observables. Based on this fact, and using Eq. (3.102), we obtain
the desired result.

Solution to Exercise 3.83. Let us apply the Baker-Hausdorff-Campbell formula (1.70) to Eq. (3.103).
We have Â = iPαX̂ and B̂ = −iXαP̂ . Then the commutator

[Â, B̂] = PαXα[X̂, P̂ ] = iPαXα

is a number (which we denote as c), so the Baker-Hausdorff-Campbell formula is applicable. In our
notation, the right-hand side of Eq. (3.103) is identical to the right-hand side of Eq. (1.70), so we
can write

|α⟩ = eÂ+B̂ |0⟩ = eiPαX̂−iXαP̂ |0⟩ . (8.59)

Let us now transform this result as follows.

|α⟩ = exp(iPαX̂ − iXαP̂ ) |0⟩

= exp

(
X̂α + iP̂α√

2

X̂ − iP̂√
2
− X̂α − iP̂α√

2

X̂ + iP̂√
2

)
|0⟩

= exp
(
αâ† − α∗â

)
|0⟩ . (8.60)
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Now since the commutator
[αâ†,−α∗â] = −|α2|[â†, â] = |α2|,

is also a number, we can use the Baker-Hausdorff-Campbell formula again and obtain Eq. (3.106).
In order to simplify this equation, let us decompose

e−α
∗â |0⟩ =

∞∑
n=0

(−α∗)n

n!
ân |0⟩ = |0⟩ .

The last equality above holds because, since â is the annihilation operator, all the terms in the sum
vanish except for n = 0.

Substituting this result into Eq. (3.106), we obtain Eq. (3.107).

Solution to Exercise 3.84. Decomposing Eq. (3.107) into the Taylor series, we find

|α⟩ = e−|α|2/2eαâ
†
|0⟩

= e−|α|2/2
∞∑
n=0

αn

n!
(â†)n |0⟩

(3.95)
= e−|α|2/2

∞∑
n=0

αn√
n!
|n⟩ . (8.61)

The same result can also be partially obtained using a more intuitive argument, not involving
displacement operators. Let us assume some decomposition of the coherent state into the number
basis,

|α⟩ =
∞∑
n=0

αn |n⟩ , (8.62)

and apply the definition (3.99) of the coherent state to this decomposition. For the left-hand side
of Eq. (3.99), we have in accordance with Eq. (3.93a),

â |α⟩ =
∞∑
n=0

αnâ |n⟩

=
∞∑
n=1

αn
√
n |n− 1⟩

n′=n−1
=

∞∑
n′=0

αn′+1

√
n′ + 1 |n′⟩ . (8.63)

At the same time, the right-hand side of (3.99) can be written as

α |α⟩ =
∞∑
n′=0

ααn′ |n′⟩ . (8.64)

Equalizing both sides, we find a recursive relation

αn′+1 =
ααn′
√
n′ + 1

, (8.65)

so

α1 = αα0;

α2 =
αα1√

2
=
α2α0√

2
;

α3 =
αα2√

3
=
α3α0√

6
;

. . ., (8.66)
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or in general

αn =
αnα0√
n!
. (8.67)

It remains to find such a value of α0 that state (8.62) is normalized to one. We find

⟨α| α⟩ =
∞∑
n=0

|αn|2 = |α0|2
∞∑
n=0

(|α|2)n

n!
. (8.68)

If we look carefully at the sum in the above expression, we will find it to be the Taylor decomposition
of e|α|

2

, so we have ⟨α| α⟩ = |α0|2e|α|
2

. Setting ⟨α| α⟩ = 1, we find

|α0|2 = e−|α|2 (8.69)

or
α0 = eiφαe−|α|2/2. (8.70)

The quantum phase factor eiφα is a matter of convention, but it must be consistent with the con-
vention chosen for the phase of the coherent state wavefunction (3.100). This phase cannot be
determined based on these elementary considerations. However, a rigorous derivation shown in the
beginning of this solution demonstrates that φα = 0 for all α.

Combining Eqs. (8.67) and (8.70) we obtain

αn = e−|α|2/2 α
n

√
n!
. (8.71)

Solution to Exercise 3.85. For the mean number of excitation quanta, we write:

⟨n⟩ =

∞∑
n=0

nprn

= e−|α|2
∞∑
n=0

n
|α|2n

n!

= e−|α|2
∞∑
n=1

|α|2n

(n− 1)!

n′=n−1
= |α|2e−|α|2

∞∑
n′=0

|α|2n′

n′!
. (8.72)

As we know from calculus, the sum equals e|α|
2

. Accordingly, ⟨n⟩ = |α|2.
For the mean square number of excitation quanta, the calculation is similar, but somewhat more

complicated: ⟨
n2
⟩

= e−|α|2
∞∑
n=0

n2
|α|2n

n!

= e−|α|2
∞∑
n=1

n
|α|2n

(n− 1)!

n′=n−1
= |α|2e−|α|2

∞∑
n′=0

(n′ + 1)
|α|2n′

n′!

= |α|2e−|α|2
[ ∞∑
n′=0

n′
|α|2n′

n′!
+

∞∑
n′=0

|α|2n′

n′!

]

= |α|2
[ ∞∑
n′=0

n′prn′ +

∞∑
n′=0

prn′

]
(8.72)
= |α|2

[
|α|2 + 1

]
. (8.73)
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Hence the variance of n is
⟨
∆n2

⟩
=
⟨
n2
⟩
− ⟨n⟩2 = |α|2.

Solution to Exercise 3.86.

a) The energy of each pulse is Ep = P/f = 10−8 J.

b) The energy of each photon is

~ω = ~
2πc

λ
= 2.5× 10−19 J.

The mean number of photons per pulse is ⟨n⟩ = Ep/~ω = 4× 1010.

c) The variance in the number of photons per pulse equals
⟨
∆n2

⟩
= ⟨n⟩. Hence the uncertainty in

this number equals
√
⟨∆n2⟩ = 2× 105. The relative uncertainty is the inverse of this number:√

⟨∆n2⟩/ ⟨n⟩ = 5× 10−6.

If we reduce the laser power by a factor of 106, the mean number of photons per pulse will reduce
by the same factor. On the other hand, the uncertainty in that number will only reduce by a factor
of 103. Therefore, the relative uncertainty will increase by a factor of 103 and become 0.005.

Solution to Exercise 3.89. Given that the coherent state is decomposed into the Fock basis
according to Eq. (3.108) and that each Fock state is an eigenstate of the Hamiltonian with eigenvalue
~ω(n+ 1/2), we find

e−iĤt/~ |α⟩ = e−|α|2/2
∑
n

αn√
n!
e−iĤt/~ |n⟩

= e−|α|2/2
∑
n

αn√
n!
e−iω(n+1/2)t |n⟩

= e−iωt/2e−|α|2/2
∑
n

(αe−iωt)n√
n!

|n⟩

= e−iωt/2
∣∣e−iωtα⟩ . (8.74)


